Example 3: Make a geometric representation of the third number in this sequence of numbers.

This geometric shape will have a third layer which will consist of the third triangular number.

7‘

7‘

Example 4: What three-dimensional shape was created in the last two examples?
Tetrahedron
Definition:

The n” Tetrahedral Number is the sum of the first n triangular numbers. Each term in the

sequence can be geometrically represented by a tetrahedral.

Example 5: Locate the tetrahedral numbers in Pascal’s triangle. Make a conjecture for the n

tetrahedral number using combinations.

row 0 1

row 1 1 1

row 2 1 2 1

row 3 1 3 3

row 4 1 g 6 1

row 5 1 5 10 5 1

row 6 1 6 15 15 6 1

row 7 7 21 35 21 7 1
row 8 1 8 28 70 56 28 8 1

Solution:

The tetrahedral numbers are in the diagonal highlighted above. This diagonal shows that

. . 3 4 5 6 n+2
tetrahedral numbers can be written as combinations: sPslls sl 3 .LetTn

represent the n' tetrahedral number.
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(n-l_z}
T =
n 3

- (n+2)! Use the formula for combinations.
n ((n+2)-3)13!
. (n+2)!
n 6-(n-1)!
_ (n+2)(n+1)(n)(n - 1)! Write (n +2)! as a product of
n 6-(n—1)1

(n+2)(n+1)(n)n—1)", so that (»—1)! can be

simplified from the quotient.

n(n+2)(n+1)
n 6

n(n+1)(n+2)
6

Conjecture: T =
Example 6: Prove the conjecture for the n™ tetrahedral by induction.
Solution:

Proof: First, show that the initial case is true when »n = 1.

~ {1+1)(1+2) 123 .

1 6 6

i n(n+1)(n+2) . L
Now show that if T = — is true for a natural number Kk, then it is also true for k+ 7.

In other words, we will show that if 1+3+6+10+15+21+...+

Kk+1) _ k(k+l;(k +2) is true, then

kk+1)  (k+Dk+2)  (k+1)(k+2)(k+3)
1+3+6+10+15+21+...+ + =

is also true. Consider T =T +: ,then
k+1 k k+1

2 2 6
= (k)(“;)(k”) + (kH)U; il (by the inductive hypothesis)

() +1)(k+2)  3(k+1)(k+2)
k+1 6 * 6

)k + 1Dk +2)+3(k+ 1)k +2)
k1 6
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(k+1)(k+2)(k+3)

e p , as we hoped. By induction, then, we conclude

Kk+1) _ Kk +1)(k+2)
3 :

1+3+06+10+15+21+...+

60



Student Exercises with Answers

Lesson 6: Higher Dimensional Figurate Numbers

Name:

Example 1: List the first five squares of the natural numbers. Then add up the first five squares

of the natural numbers creating a new set of numbers.

Solution:

12,22,3%, 42, 5%
1,4,9, 16,25

1=1

1+4=5
1+4+9=14
1+4+9+16=30
1+4+9+16+25=55
1,5,14,30,55...

Example 2: Make a three-dimensional representation of the second number in this list.
Remember that the numbers are squares, so each number added to this list should be a geometric

square.

Solution:

e

Notice that the top of this shape has one dot, the first square number. The second layer has four

dots which is the second square number.
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Example 3: Make a geometric representation of the third number in this sequence of numbers.

This geometric shape will have a third layer which will consist of the third square number.

Solution:

Example 4: What three-dimensional shape was created in example 3 and example 4?

Square Pyramids

Definition: The »* Square Pyramidal Number is the sum of the first n squares of the integers.

A square pyramid can geometrically represent each term in the sequence.

Example 5: Generate the square pyramidal numbers in Pascal’s Triangle; they will not be
explicitly in the triangle adding entries in Pascal’s Triangle will be needed. Make a conjecture

for the n tetrahedral number using combinations.

Solution:

row 0 1

row 1 1 1

row 2 1 2 1

row 3 3 3 1

row 4 1 6 4 1

row 5 1 5 105 1

row 6 1 6 15 15 6 1

row 7 L7 21 35 21 7 1
row 8 1 8 28 56 70 28 8 1
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The square pyramidal numbers can be obtained from the highlighted diagonal, where zero is
added to the diagonal to help get the first pyramidal number. Square pyramidal numbers can be

obtained by adding adjacent numbers in this diagonal [3].

1 0+1=1
2 1+4=5
3 4+10=14
4
5

10+20=30
20+35=55

n
n
n
n
n

This can be used to write the n'" term of the square pyramidal number set S .

n=2 5=1+4= +
0 1
4 5
1=3 14:4“0:( )( )
1 2
M
n=4 30=10+20= +
2 3
n+1 n+2
S = +
no\n-2 n—1

Now use the definition for combinations; after simplifying, we will have a conjecture for the n

square pyramidal number.
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A

n n=2 n—1

) (n+1)! (n+2)!

S 1= =2 =2 ae2=(a =)D
(m+1)! (n+2)!

'n=3mn—ﬂ!+3wn—n!

p =.FI—]. (n+1)! . (m+2)!

n op-1 3 (n-2)! 3Un-1)!

E =0t (n42)!

n 3 —1)! 3n—1)

o =D+ 1)+ +2)!

" 3n—1)!
n+DU(n=1+(n+2))

n” 3M(n—-1)!
(n+1)120+1)

“n” 31(n—1)!

B (n+1)-n-(n=1)120n+1)

T 3 -1
nln+1)(2n+1)

n 6

n(n+1)(2n+1)
6

Conjecture: S =

Example 6: Prove the conjecture for the n™ square pyramidal number by induction.
Solution:

Proof: First, show that the initial case is true when » = 1.

(r+1)2-1+1) 1:2:3 |
1 6 T 6

. nln+1)(2n+1) . .
Now show that if Sn = 5 is true for a natural number k, then it is also true for k+1.

- k(k+1)(2k+1)

In other words, we will show that if 1+4+9+16+25+...+k*= is true, then

_ (k+ 1)k +2)(2k+3)

143464104 15+21+ ... +k2+(k+1)2 is also true. Consider Sk+1 =Sk+sk+l , then

(K)k+1)(2k+1)
k+1 =

+(k+1)* (by the inductive hypothesis)
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_ (K)(k+1)(2k+1) .\ 6(k+1)2

k+1 6 6
(k)(k+1)(2k +1) +6(k +1)?
k+l= 6
(k+D[(K)(2k+1) +6(k +1)]
.k+1= 6
(k+1)[2k2+k + 6k +6]
K+l 6
(k+1)[2k>+ 7k +6]
kel 6
(ke 1)(k+2)(2k +3)

. . , as we hoped. By induction, then, we conclude

k+1D)(k+2)(2k +3
1+3+6+10+15+21+...+k2+(k+1)2=( X 6)( ).
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Guided Notes
Lesson 1: Introduction to Counting Techniques

Name:

Introduction:

This lesson will focus on counting techniques used in later lessons to understand better and
define Pascal's Triangle, The Binomial Theorem, and Binomial Distribution. When thinking of
counting, the first thing that comes to mind is counting with your fingers or in your head. These
methods could be used in many of the examples presented in this lesson. However, time becomes
an issue as one proceeds to more complex problems. These counting techniques will be
developed from one technique to another. Most anyone can plug values into an equation; the goal
of this lesson is to understand why the techniques work. These methods will save a lot of time.
One way is listing all the possible outcomes by writing them down, but this is impractical when
there may be thousands, even millions, or more outcomes. Counting techniques have been
developed over the years. Some date back to as early as 300 BC and saw advances in Europe in
the 16" and 17" centuries [2]. While a paper could be written on the history of counting alone, it

is important to note how early in history this topic started and developed over thousands of years.

Example 1: A student has four shirts that are red, blue, green, and yellow. They also have three
pairs of pants: jeans, khakis, and cargo. How many different outfits consisting of a shirt and
pants can they choose from?
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Example 2: A school cafeteria offers four different entrees hot dogs, tacos, salad, and pizza.
They offer two drinks, milk and water. There are also two desserts, cake and brownies. How

many different ways a school lunch consisting of an entrée, drink, and dessert be ordered?

Theorem: The Fundamental Theorem of Counting: When finding the total possible outcomes
of two or more independent events, the number of outcomes is equal to the product of the
number of each event. Suppose there are p ways to do one event and g ways to do another. Then

there are to do both events.

Example 3: A car requires a code to open the door. How many different codes could be used for
the door if the code is four digits 0-9?

Example 4: Four friends: (Anne, Bill, Chad, and Danielle), decide to take a picture. Let the
letters A, B, C, and D represent the friends. One possible ordering is ABCD; if Chad and
Danielle switch positions, the ordering would be ABDC. How many ways can they take a picture

in different orders?
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Example 5: n friends decide to take a picture. How many ways can they take a picture in
different orders? As in the previous example moving a friend to a different position in the picture

creates a new way to take a picture.

Definition: A permutation of n distinct objects is an arrangement, or ordering, of the n objects.

Example 6: A baseball team has nine players on the field at once; how many different starting

batting lineups can the baseball team have?

Example 7: A class of twenty students decides to have a President, Vice President, and

Secretary. How many ways can the positions be filled?

Example 8: A class of n students wants to fill r distinct positions. How many ways can the r

distinct positions be filled?

Definition: An r-permutation of n distinct objects is an arrangement using r of the n objects.

r permutations of n objects:
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Example 9: A class of twenty students decides to form a committee of three students so that they

can voice concerns to the teacher. How many ways can the committee of four be filled?

Example 10: A class of n students wants to fill r non-distinct positions. How many ways can the

r non-distinct positions be filled?

Definition: An r-combination of n distinct objects is an unordered selection of r out of the n

objects.

r combinations of n objects:
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Student Exercises

Lesson 1: Introduction to Counting Techniques

Name:

Match the counting technique with the formula:

a. Permutations n'
1. (n=r)!r!
b. r-Permutations 2 pxgq
c. r-Combinations nl
3. (n=n)!
d. Fundamental 4. nt
1.
2.
3.
4.

5-10 Determine the appropriate counting technique and explain why, then solve.
Example 5: There is a 100m dash race of eight runners; the top two runners make the finals.

How many different pairs of runners could make the finals?

Example 6: Seven kindergarten students need to line up to go to recess. How many ways can the

line be formed using all seven students?
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Example 7: There is a 3200m race of 32 runners. How many possible ways can the first through

third places occur from the thirty-two runners?

Example 8: You have five pictures in frames that you would like to arrange on your mantle.

How many ways can you arrange the pictures?

Example 9: A license plate consists of a string of three letters and four digits, where letters and
numbers cannot be repeated. The license plate will start with three letters followed by the four

digits. How many ways can a license plate be formed?

Example 10: In a standard deck of cards, how many different five-card hands are possible?

Probability of event E:

11-12 Find the indicated probabilities.
Example 11: There was a race of eight runners in example five, and we found the number of
possible pairs of top two finishers. What is the probability of guessing the two racers that finish

in the top two beforehand?
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Example 12: What is the probability of getting a flush (all the same suit) in a five-card hand of

poker?
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Guided Notes

Lesson 2: Constructing Pascal’s Triangle

Name:

Introduction:

This lesson will involve building and exploring Pascal’s Triangle. This triangle goes by many
names: Arithmetic Triangle, Combinatorial Triangle, Binomial Triangle, and Pascal’s Triangle.
Pascal’s Triangle is often attributed to mathematician Blaise Pascal, who wrote “A Treatise on
the Arithmetic Triangle” in 1654 [2]. In this treatise, Pascal shows many uses for the Arithmetic
Triangle, some of which will be explored in these lessons. The Triangle bears Pascal’s name in
the West due to the extensive work done with the Arithmetic Triangle in Pascal's Treatise. It is
important to note that Pascal's Triangle was known before Blaise Pascal wrote his treatise. Work
was done on Pascal's triangle centuries before the treatise in Persia, China, India, and Germany
[2]. Construction of Pascal's Triangle can be done recursively and explicitly. The recursive
method can be done through simple addition, and explicitly we will use one of our counting

techniques from the previous lesson.

Example 1: In the figure below is the first five rows of Pascal's Triangle; determine a recursive
method to make new rows of Pascal’s Triangles. The first row is called row zero; this will

become clear why in later lessons in the application of Pascal’s Triangle.

Pascal’s Triangle

row (0 1

row | 1 1

row 2 1 2 1

row 3 1 3 3 1
row 4 1 4 6 4 1
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Example 2: Construct Pascal’s Triangle up to the seventh row by adding entries from previous

rOws.

Example 3: A student decides to flip a coin two times. List the different possible combinations
for two coin flips and group them by the number of heads. How does this relate to Pascal’s

Triangle?

Number of 0 1 2
Heads

Possibilities

Cln,r)
Total number of

Possibilities

Example 4: A student now decides to flip a coin three times. List the different possible

combinations for three-coin flips and group them by the number of heads. How does this relate

to Pascal’s Triangle?

Number of 0 1 2 3
Heads

Possibilities

C(n,r)

Total number of

Possibilities
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Definition: Pascal’s Triangle is a triangle of numbers constructed using combinations:

(0,0)
c(1,0) c(1,1)
c(2,0) c(2,1) (2,2)
c(3,0) c(3,1) c(3,2) C(3,3)

C(n,(.)) Cln,1) C(n,2) ~ cnk-2) Clak-1) C(n,k)

Example 5: The previous examples suggest that Pascal's Triangle can be formed using C(n,r),
where the n is the row, and r is the entry in Pascal's Triangle. If Pascal’s Triangle can be created

with combinations, then C(n,r) =C(n—1,-—1) + C(n—1,7) should be true. Verify the identity.

Example 6: Write the fourth row of Pascal’s Triangle using combinations, then find the
numerical entry of each entry of the fourth row. Confirm your results by using the original

definition of Pascal’s Triangle.
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Example 7: Find the 11" entry on the twentieth row in Pascal’s Triangle. Use combinations to
find this solution. This method will be much less laborious than working out Pascal’s Triangle to

the twentieth row.

Example 8: There are twelve people; seven are women, and the remaining five are men. How
many groups of five people can be formed, where each possible group must have two men and

three women?

Example 9: Two combinations were found in the solution to the previous example. Where are

these combinations located in Pascal’s Triangle?
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Guided Notes

Lesson 3: The Binomial Theorem

Name:

Introduction: One must know that problems can become tedious in any Algebra or Calculus
class. This lesson will develop a convenient "shortcut™ to expand binomial raised to different
integers. This will first be developed by distributing multiple times. After the Binomial Theorem
is developed in this lesson, there will be an exciting connection to Pascal's Triangle. This
development started with early Arab algebraists like Omar Khayyam to 17"-century European
mathematicians like Sir Isaac Newton [2]. This lesson will focus on binomials raised to non-
negative integers; however, it is worth noting that in 1665, Sir Isaac Newton generalized the
Binomial Theorem to all real exponents [2]. After finishing this lesson, showing that it works

with negative integer powers would not be hard to show. For example, since we define

1
(x+y)2= G we can adapt these ideas for all integers. The hope is that the work learned in
x+y

this lesson could be explored independently on negative and rational powers.

Example 1: Expand (x +y)°

Example 2: Expand (x+y)',

Example 3: Expand (x +y)>
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Example 4: Expand (x +y)3

Example 5: Write the results in examples 1 through 4 in summation notation and express the

coefficients as combinations. These results will lead to a generalized formula for (x +y)".

Binomial Theorem: For nonzero real numbers x and y, and all natural numbers n,

(x+y)t=

Example 6: Expand the following binomial and determine which row in Pascal’s Triangle the

coefficients correspond with.

(x+y)?
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Example 7: Expand the following binomial.

(x+y)*

Example 8: Expand the following binomial.

(x-2)°

Example 9: Expand the following binomial.

(3x-1)3

Example 10: Find the x* term in the expansion of (3x +4)°.
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Student Exercises

Lesson 3: The Binomial Theorem

Name:

Example 1: Expand the Binomial. Which row in Pascal’s Triangle was used in this expansion?

(a +b)5
Example 2: Expand the Binomial:
(x-5)°
Example 3: Expand the Binomial:
(7x+2)*
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Example 4: Expand the Binomial:

(2x-3)?

Example 5: Find the x? term in the expansion of (5x - 6)’.

Example 6: Find the fifth term in the expansion of (3x —4)°.

Example 7: Expand the following binomial.

(2x —3y)*
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Guided Notes

Lesson 4: The Binomial Distribution

Name:

Introduction:

This lesson will explore the Binomial Probability Distribution, which uses the Binomial
Theorem that we developed in the previous lesson. All high school students have taken multiple-
choice tests where they think to themselves, “what are the odds | will pass this test if | guess on
all the questions?” When watching basketball, one may see the basketball player's success rate at
shooting free throws and wonder what the odds are that they will make their next 1,2, or 3 shots.
These questions can be modeled by a binomial distribution. The Binomial Probability
Distribution will be developed through our work with Pascal's Triangle and The Binomial

Theorem. This lesson will help answer these questions using this distribution.

Example 1: A student is taking a multiple-choice quiz of two questions, where each question
has four choices: a, b, ¢, and d. The student did not study and randomly guess every question.
What are all the possible outcomes, and what is the probability for each outcome? Let X
represent the number of questions guessed correctly. In the different combination column,

represent the successes with S and failures with F. Remember that the probability of an event E

# outcomes in E

iSP(E)=———— .
#of possible outcomes

X Different Number of P(X)

combinations combinations

85



Example 2: A student is now taking a multiple-choice quiz of three questions, where each
question has four choices: a, b, ¢, and d. The student did not study and randomly guessed every
question. Let X represent the number of questions guessed correctly. The different combination

column represents the successes with S and failures with F.

X Different Number of P(X)

combinations combinations

Example 3: A student is now taking a multiple-choice quiz of five questions, where each
question has four choices: a, b, ¢, and d. The student did not study and randomly guessed every
question. Let X represent the number of questions guessed correctly. The different combinations

column represents the successes with S and failures with F.

X Different combinations | Number of P(X)

combinations

86



Definition: Binomial Probabilities:

Let there be n independent trials, each resulting in either a success (with probability p) or a
failure (with a probability 1- p), and let x be the number of successes. Then, the probability that

n

the random variable x takes the value r is P(X=+) =( )pf(l -p)" N r=0,1,2,3, ...n.
F

Example 4: Past studies have shown that a particular car warranty provider can get one out of
ten people they call to buy their car warranty. If a salesperson makes six calls, what is the

probability that they will make three sales?

Example 5: Using the information from example two, find the probability of all the possible

number of calls made by the salesperson. Which row from Pascal’s Triangle that will be used?

X P(X)
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Example 6: A local car dealership donates a car to be raffled to raise money for the local school
district. The vehicle is valued at $20,000, and 2,000 tickets are sold at $20. The raffle is drawn
when all 2,000 tickets are sold. How much can a ticket buyer make or lose, and what would you

expect them to make?

Outcome X Payout Frequency P(x)

Winner

Loser

Definition: The mean p or expected value of x of a probability distribution is 2”xP(x). It is a
weighted average in which each outcome is weighted by its probability. The term expected value
can be misleading because this expected value cannot be observed in all problems. This is more

of a long-run average outcome.

Example 7: Find the mean of the binomial distribution in examples 1, 2, and 3. Determine if the
expected value is sensible? Is there a relationship between the number of questions, the

probability of success, and the expected value?

Example 1

X P(X) XP(X)

Z xP(x) 2
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Example 2

X P(X) XP(X)
2xP(x) ~
Example 3
X P(X) XP(X)
2.xP(x) =

Theorem: The mean of a binomial distribution g =n- p , where n is the number of trials and p is

the probability of success.

Example 8: Find the mean of the binomial distribution in example 4. Explain the meaning in the

context of the problem.
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Student Exercises

Lesson 4: The Binomial Distribution

Name:

Example 1: A basketball player makes their free throws 75% of the time. If they shoot eight free
throws, what is the probability of making 0,1,2,3,4,5,6,7 or 8 shots?

X number of shots made P(X)

0| N| o O M| W N| k| O

Example 2: In example 1, what would the expected number of successful shots be for the
basketball player?

Example 3: In example 1, the binomial theorem was used to find the binomial probabilities.

What was the row from Pascal's Triangle used to find all the probabilities?
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Example 4: A baseball player has four at-bats and, on average, gets a hit 30% of the time at any

at-bat. What are all the possible numbers of hits, and what is the probability of each probability?

X is the number of hits P(X)

0

1
2
3
4

Example 5: In example 4, what is the expected number of hits the batter should expect?
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Guided Notes
Lesson 5: Polygonal Numbers

Name:

Introduction:

Mathematics throughout history has changed its focus; early on, mathematicians' focus was on
Number Theory. In high school, number sets and their properties are introduced, then students
usually focus on algebra. The focus will be on number theory in this lesson and the next. In
Pascal's "Treatise on the Arithmetic Triangle," the longest thread was on the figurate numbers,
some of which are the polygonal numbers. The Pythagoreans studied the polygonal numbers and
number theory well before Pascal, around 540 BC [2]. This lesson will develop various recursive
and explicit formulas for these polygonal numbers. The technique of proof by induction will be

used to prove some of the findings in this lesson.

Polygonal Numbers: A polygonal number is a number represented as dots arranged in the shape

of a regular polygon [2].

Example 1: Make a list of the first five natural numbers. Then add up these natural numbers

creating a new number.
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Example 2: Write a recursive formula for the n" term of the set of numbers, found in Example 1.

Find the explicit formula for the n™" term of this set of numbers as well. Use ¢ 10 represent the n"

term of the number set. Do this by adding r =1+ 2+ 3+ 4 +..+(n-3)+(-2)+(-1)+n and

to=nt (=) (=2 +(n=3) 4.+ 4+ 3+ 24 1,whichisrninreverseorder.

Example 3: Using induction, prove the explicit formula for the number set.

Definition: The n'" triangular number is the sum of n natural numbers, where

n(n+])
t =1+2+43+....+n=t +n=
n n—1 2
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Example 4: Make a geometric representation of this number set. The number set is the triangular
numbers; they are called the triangular number since they will form triangles of n number of
dots.

Example 5: Locate the triangular numbers in Pascal’s Triangle and explain why the triangular

numbers are present in that part of Pascal's Triangle.

Example 6: In the previous example, we found the triangular numbers in Pascal’s Triangle’s

n+l
third diagonal. This implies t =[ 5 J ; prove that this conjecture is true.

94



Definition: Square Numbers are the squares of positive integers. The explicit formula for the n™"

square number:

S =n?
H

Example 7: Find the first seven square numbers

Example 8: Represent the first four square numbers as arrays of dots.

Example 9: Form each square number by highlighting the dots that needed to be added to the

previous square number to form the following square number in succession.
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Example 10: Show that any square number is formed by the sum of two triangular numbers

using dots, then write a recursive formula for the square numbers S in terms of the triangular

numbers r.

Example 11: Prove the conjecture from the previous example.

Example 12: Find the Square Numbers in Pascal's Triangle; this will be done by adding entries.
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Student Exercises
Lesson 5: Polygonal Numbers

Name:

In these exercises, the work done in the guided notes on triangular and square numbers will be
extended. The triangular and square numbers were started from number sets and then developed
geometrically. The next figurate numbers analyzed in these exercises are the pentagonal and
hexagonal numbers. In these exercises, the pentagonal and hexagonal numbers will be defined
geometrically. Then the recursive and explicit formulas will be developed.

Example 1: Below are the first four pentagonal numbers represented as dots. Form each
pentagonal number by highlighting the dots that needed to be added to the previous pentagonal
number to form the following pentagonal number in succession. Then use the findings to write a

recursive formula for the pentagonal numbers. Use p_to represent the formula.
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Example 2: List the first five pentagonal numbers.

Example 3: Take each pentagonal number represented in dots and show that they are the sum of

a rectangular and a triangular number.

Example 4: In the previous example, students found that the pentagonal numbers can be
partitioned into the sum of a rectangle and a triangular number. Use this to derive an explicit

formula for the pentagonal numbers.

Example 5: Find the Pentagonal Numbers in Pascal’'s Triangle; do this by adding entries.
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3nt-n
2

Definition: Pentagonal numbers are p =1+4+7+10...+(3n-2)=p  +(3n-2)=

Example 6: Below are the first four hexagonal numbers represented as dots. Form each
hexagonal number by highlighting the dots needed to be added to the previous hexagonal number
to form the next hexagonal number in succession. Then use the findings to write a recursive

formula for the hexagonal numbers. Use h 1o represent the formula.

° °
[ ] ® @ L]
e e b e @
e @
e o° ® P
° e © ° e e b
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Example 7: List the first five hexagonal numbers.

Example 8: Make a table of the first five terms of all the polygonal numbers explored so far, and
find a pattern to fill out the hexagonal numbers. Hint: look for a relationship between the

polygonal number before and the Triangular numbers.

N Triangular Square Pentagonal Hexagonal
1 1 1 1

2 3 4 5

3 6 9 12
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Example 9: Use the formula for polygonal numbers in example 9 to derive the formula for the

n™ hexagonal number.

Example 10: Find the Hexagonal Numbers in Pascal’s Triangle.

Example 11: Prove the conjecture from the previous example.

Definition: Hexagonal numbers are p =1+5+9+13...+(4n=3)=h _ +(4n=3)=2n"-n,
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Guided Notes

Lesson 6: Higher Dimensional Figurate Numbers

Name:

Introduction: The previous lesson developed and explored polygonal numbers. This lesson will
develop two of the higher dimensional figurate numbers: Tetrahedral and Square Pyramidal
numbers. The process will be analogous to the process in the polygonal numbers. Hopefully,
these lessons will spark interest in using the methods presented to explore other higher
dimensional figurate numbers. The exploration of these number sets has been around since the
second century by mathematicians like Nichomachus [2]; hopefully, this will spark interest in

learners almost two thousand years later.

Example 1: Make a list of the first six triangular numbers. Then add up the triangular numbers

creating a new set of numbers.

Example 2: Make a three-dimensional representation of the second number in this list. Keep in
mind that the numbers are formed by adding triangular numbers, so each number added to this

list should be a geometric triangle.

Example 3: Make a geometric representation of the third number in this sequence of numbers.
This geometric shape will have a third layer which will consist of the third triangular number.
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Example 4: What three-dimensional shape was created in the last two examples?

Definition:

The »™ Tetrahedral Number is the sum of the first n triangular numbers. Each term in the

sequence can be geometrically represented by a tetrahedral.

Example 5: Locate the tetrahedral numbers in Pascal’s triangle. Make a conjecture for the n'"

tetrahedral number using combinations.
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Example 6: Prove the conjecture for the n™" tetrahedral by induction.
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Student Exercises

Lesson 6: Higher Dimensional Figurate Numbers
Name:

Example 1: List the first five squares of the natural numbers. Then add up the first five squares
of the natural numbers creating a new set of numbers.

Example 2: Make a three-dimensional representation of the second number in this list.

Remember that the numbers are squares, so each number added to this list should be a geometric
square.

104



Example 3: Make a geometric representation of the third number in this sequence of numbers.

This geometric shape will have a third layer which will consist of the third square number.

Example 4: What three-dimensional shape was created in example 3 and example 4?

Definition: The » Square Pyramidal Number is the sum of the first n squares of the integers.

A square pyramid can geometrically represent each term in the sequence.

Example 5: Generate the square pyramidal numbers in Pascal’s Triangle; they will not be
explicitly in the triangle adding entries in Pascal’s Triangle will be needed. Make a conjecture

for the n'" tetrahedral number using combinations.
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Example 6: Prove the conjecture for the n™ square pyramidal number by induction.
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