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Introduction

For the past six years, | have taught a variety of calculus courses, ranging from AP
Calculus BC, College Credit Plus Calculus 1 and 2, and Calculus, which is an
introductory course that does not lead to college credit. The curriculum in each of these
courses differs significantly. While one course starts the year with limits and
differentiation, another slowly builds up to calculus topics, beginning with a hearty
review of pre-calculus material. Depending on which calculus course students decide to
take, they may end the year with derivatives and integration of trigonometric functions,
while others are learning various techniques of integration.

Regardless of what calculus course my students decide to take, | want them to be as well
prepared as possible for the mathematics classes they may take in college. For most of
my students, calculus is the last mathematics class they will take in high school and |
believe exposing them to new content is essential, even if we cannot cover it in depth due
to time restrictions. Many of my past students have come back to visit while in college
and mentioned that learning calculus topics in college has been significantly easier
because they have had some exposure to these ideas in high school.

For this essay, | have designed an introduction to sequences and series for my non-
college level Calculus course. This course begins with precalculus material and ends with
the calculus of trigonometric functions. The students in this course do not encounter any
content regarding sequences or series in the current curriculum. Based on my previous
experiences as a student, entering college calculus without having learned about the
convergence and divergence of series was a challenging task. There are a multitude of
tests and rules to learn and knowing when and how to apply each can be confusing.

This introductory unit includes the following for each lesson: teacher notes, guided notes
sheets, and an activity sheet, with solutions printed in red. Blank student documents are
available in the appendix. I used language, notation, and organization of the sequences
and series material as in the textbook Calculus of a Single Variable by Larson, Hostetler,
and Edwards [2].

Due to the daily schedule at my school, I have planned each lesson for an 80-minute class
period. | will lead students through the guided notes, with students completing the notes
as reference for future use. Students will work in groups of two or three to complete the
activity for the lesson. Students will provide their own technology for each lesson, as all
students in my courses are required to own a TI-Nspire CX calculator.

Since there are no Ohio Mathematics Learning Standards for Calculus, | have linked
standards for each activity to the AP Calculus BC College Board course description.



Additionally, all activities reflect the following four mathematical practices as defined by
College Board [1].

Mathematical Practice 1: Determine expressions and values using mathematical
procedures and rules.

Mathematical Practice 2: Translate mathematical information from a single
representation or across multiple representations.

Mathematical Practice 3: Justify reasoning and solutions.

Mathematical Practice 4: Use correct notation, language, and mathematical
conventions to communicate results or solutions.

Overall, I hope to expose my high school calculus students to the foundation of
sequences and series. This is not intended to be an all-encompassing study, but instead an
introduction on which they can later build. Although there are many tests for determining
the convergence of series, | have purposefully selected six in particular to focus on: The
n"-Term Test, Geometric Series, p-Series, Direct Comparison Test, Limit Comparison
Test, and Ratio Test. Students do not learn partial fraction decomposition or infinite
integrals in this course. Therefore, | have decided to leave Telescoping Series and the
Integral Test out of this unit.



Lesson 1: Introduction to Sequences and Series
Teacher Notes
Overview:

In this lesson, students will be introduced to sequences and series. Although some
students enter calculus with prior knowledge of these terms, most students need a
refresher to jog their memories. Although sequences and series are discussed in Algebra
2, the focus is often only arithmetic and geometric sequences and series. While these
types of sequences and series are revisited in calculus, arithmetic and geometric
sequences and series are very simplistic compared to what students see in a calculus
course. This introduction is a great time to review factorials as well.

In this first activity, students will classify sequences and series. Students will be given
sequences and asked to list terms, as well as find an expression for the n' term of a
sequence. Students will predict whether a sequence will have a limit given the pattern for
the n™ term. Finally, students will be asked to find partial sums of a series.

When creating the examples for this activity, | wanted to focus on sequences and series
that combined different types of expressions, as well as a mixture of positive and
negative terms. It has been my experience that students especially struggle with finding a
pattern for the n'" term when the expressions for the first few terms have been simplified,
so | decided to include some examples of this scenario as well.

Obijectives:

e ldentify sequences and series

e List the terms of a sequence

e Write a formula for the n'" term of a sequence

e Determine whether a sequence converges or diverges
e Calculate partial sums of a series

Standards:

[I. Limits: LIM-7.A.1: The n'" partial sum is defined as the sum of the first n terms of a
series.



Guided Notes with Answers

Introduction to Sequences and Series Name:

Definitions

Sequence: a function whose domain is the set of positive integers; for the purpose of this
course, a sequence will refer to an infinite list of numbers that often follows a pattern

We use subscript notation to represent the terms of the sequence: a,, a,, a,, ..., @

ny e

The n term is denoted by a, .
The entire sequence is denoted by {a, }.

Series: the sum of the terms of a sequence

We can calculate partial sums as well as some infinite sums.

Partial sums are denoted by S, , where the first m terms of the sequence are added.

m
Notation using sigma: S, => a, =a +a,+a,+--+a,
n=1

If the limit L of a sequence exists as n goes to infinity, then the sequence converges to L.
If the limit of a sequence does not exist as n goes to infinity, then the sequence diverges.

n

Example 1: Write the first 5 terms of the sequence whose n'" term is a, = — .

n!
3.3 _F9 B 1 TN A O 1
al1!1 2212 a33!62 Y4 24 8
323 8
51 120 40
9 9 27 81
The first five terms of the sequence are 3, —, —, —, —.
2' 2" 8" 40



Example 2: Find an expression for the n" term of the sequence 3, 7, 11, 15, ....

a,=4n-1
. i ; th 11 1
Example 3: Find an expression for the n" term of the sequence 1, 56 o
n+1
G
n!

Example 4: Determine if the sequence converges or diverges by finding the limit, if

1
possible: a, = S_F'

Iim(S—%j =5
n—oo n

Since the limit exists, the sequence converges to 5.

Example 5: Determine if the sequence converges or diverges by finding the limit, if

possible: a, = cos(gj.

n
lim COS(EJ =1
n—oo n

Since the limit exists, the sequence converges to 1.

Example 6: Determine if the sequence converges or diverges by finding the limit, if
possible: &, =1+(-1)".

lim [1+(—1)”} does not exist. The terms of this sequence alternate between 0 and 2.

n—oo

The sequence diverges.



Example 7: Determine if the sequence converges or diverges by finding the limit, if
possible: a, =sin(zn).
If we consider the function f(x) =sin(zx) whose domain is the set of all real numbers,

then lim[ f (x)]=lim[sin(zx)] does not exist.

n—oo n—o

However, the domain of the sequence g(n) =sin(zn) is just the set of all positive

integers. Therefore g(n) =0 for every n, and thus lim[ g (n)]=limsin(zn)]=0.

n—owo

The sequence converges.

. . . 3n
Example 8: Find the partial sum S, given a, =7

+2

6 3 9 12

al 2 4 2 3 4 6
S,=1 §+9+2:§
5 10



Activity Sheet with Answers

Activity: Introduction to Sequences and Series Name:

1. Classify each of the following as a sequence or a series.

1 1 11 4 8 16 32
Q) =, =, =y = e b) -+ —+—+—+
2 3 4 5 5 125 625 3125
Sequence Series
1 2 6 24 3 3 3 3
C) —+—+—+—+- d)—= = —— — -
77 7 7 8 16 32 64
Series Sequence

2. Create your own pattern for a sequence. Write the expression for the n" term, using
correct notation. Then list the first five terms of your sequence.

Answers will vary. Sample answer: a, = GJ

_1
4=3

g3 25 125 625 3125 (5
33" 33" 3’7 "3
oy27, 20, 9 9 9 —l
22" 8 40 n!



c) 1 6, 11 16, 21, ... a =5n-4

d)_g 6 24 120 720 (n+1)!
’ 2401 16807 § 7"

7' 49° 343

Find the first five terms of each of the following sequences. Then determine if the
sequence converges or diverges. If the sequence converges, find its limit.

4 2,=0
3+n
5 5 20 25
ai:Z 32:2 aS:E 514:7 3_5:E
. 5N
The sequence converges: lim——=5.
n>e 341
5. a,=(-1)"n!
g =-1 a=2 a,=—6 a, =24 a; =—120

Notice that the absolute value of the terms is growing without bound and the terms
alternate between negative and positive. The sequence diverges and the limit does not
exist.



B 1565
8 %= ‘64 o

Notice that the terms are growing without bound and this can be verified with
L’Hospital’s Rule. The sequence diverges and the limit does not exist.

7. Find the partial sum S, of the series —4+(—2)+(—%)+(—%)+

-4
a,=—
n!
2 1 1 1
=4 a, =—2 a=—— a,=—— =—— =——
% ? 3 Y6 % 30 ® 180



Lesson 2: The n™-Term Test for Divergence
Teacher Notes
Overview:

Following the previous lesson, students review the topic of series at the start of this
lesson. We then transition to learning about the first test we will study, the n'"-Term Test
for Divergence. At this point, students should be reminded that we will focus mainly on
series for the remainder of this unit.

In this activity, students will find the limit of the n™ term through two different methods.
Students will find the limit of the n" term by algebraic means as well as complete a table
of values to approximate the limit of the n™ term. Students will make conclusions about
whether a series diverges based on the value of this limit.

Based on my previous experience teaching this topic, | know students struggle with the
conclusions that can accurately be made with the n'"-Term Test. Many of my students
incorrectly conclude that a series converges if lima, =0. | specifically designed the first

nN—o0
few questions of this activity to get students thinking about what this test actually means
and what conditions are needed to conclude that a series diverges with this test.

Obijectives:

e Find the limit of the n" term of a series
e Apply the n"-Term Test for Divergence

Standards:

1. Limits: LIM-7.A.5: The n'"-Term Test is a test for divergence of a series.

10



Guided Notes with Answers

The n"-Term Test for Divergence Name:

Recall from previous lesson
Series: the sum of the terms of a sequence

We can calculate partial sums as well as some infinite sums.
m

Notation using sigma: S = Zan = +a,+a,+--+a,
n=1

Example 1: Consider the series 0+0+0+0+--- .

If we let a, represent the n'" term of this series, what is lima,?

n—oo

lima, =0

If we added infinitely many terms of this series, what do you think the sum would be?
Zero
Based on our answers above, do you think this series converges or diverges?

Converges

+ o

11
_+_
4 4

111111
e
3 3 3 4 4

1
Example 2: Consider the series 1+§+§

If we let a, represent the n'™ term of this series, what is lima, ?

n—oo

lima =0

If we added infinitely many terms of this series, what do you think the sum would be?

The sum would grow without bound. We can group terms to add to 1 and then add
infinitely many 1’s:

1+ 1+1 + E+l+1 + l+l+l+l +oo=1+14+14+1+--- .
2 2 3 3 3 4 4 4 4

11



Based on our answers above, do you think this series converges or diverges?

Diverges

Example 3: Consider the series 5+7+9+11+13+--- .

If we let a, represent the n'™ term of this series, what is lima, ?

n—oo

lima, =

n—o0

Additionally, Iim a, =0.

If we added infinitely many terms of this series, what do you think the sum would be?
The sum would grow without bound.
Based on our answers above, do you think this series converges or diverges?

Diverges

Example 4: Consider the series 14—1+1+£+1+--- .
3 33 33

If we let a, represent the n'" term of this series, what is lima,?

n—oo

. 1
lima, ==
3

nN—o0

Additionally, lima, = 0.

If we added infinitely many terms of this series, what do you think the sum would be?
The sum would grow without bound.
Based on our answers above, do you think this series converges or diverges?

Diverges

12



Based on our examples, what conclusion can we make regarding lima, and the
n—oo

convergence or divergence of a series?

When lima, # 0, the series diverges.

n—o0

This leads us to our first test to determine whether a series diverges.
Think about the following:

If a series converges, the limit of its n" term must be 0.

That is, if > a, converges, then lima, =0,
=1 n—oo

It is generally easier to determine the limit of the n' term than it is to determine whether
a series converges. Therefore, we will use the contrapositive of the statement above.

The n"-Term Test for Divergence

If lima, =0, then > a, diverges.

n—w

Note: If lima, =0, we cannot make any conclusion about the series. Look back at

n—oo

Example 1 and Example 2 to verify this.

Additionally, notice that when we express a sum as Z a, without bounds, we always

mean an infinite sum, starting at a finite value of n. Since the series has infinitely many
terms, the convergence or divergence of the series does not depend on the particular finite
value of n we start with. However, the actual value of a convergent sum will depend on
the initial value of n.

13



For example, let’s look at » a =a,+a,+ »_a, . Since a, and a, are finite, > a,
n=1 n=3

n=1

converges if and only if Zan converges.

n=3

Example 5: Use the n'-Term Test for Divergence to determine whether the series
diverges.

i5(1.23)”

n=0

a,=5(1.23)" and lima, =1im5(1.23)" =

n—w nN—oo

Therefore, lima, 0 and >°5(1.23)" diverges.

n=0

Example 6: Use the n™-Term Test for Divergence to determine whether the series
diverges.

i 7

‘=n(n+8)
7 : :
a, = and lima, =lim =0
n(n+8) N> n—>=n(n+8)
Since lima, =0, we cannot make a conclusion about whether Z ( ! 8) diverges. The
n—> = n(n+

n"-Term Test is inconclusive for this series.

14



Example 7: Use the n'™-Term Test for Divergence to determine whether the series
diverges.

2. n
Z2n+3

n=1

n

: . n 1
= and lima, =lim =—
2n+3 n->o e 2n+3 2

Therefore, lima, =0 and ZL diverges.

n=1

Example 8: Use the n™-Term Test for Divergence to determine whether the series
diverges.

0 n

n=1 n!

n n

a 3 and Iiman:Iimg—:O

n n! n—o n—o nl

n

. .3 . .
Note: We can explain that lim pri 0 using the “Law of Dominance”. Although the

n—oo n-

numerator and denominator are growing without bound, factorials grow at a faster rate
than exponentials. We have previously discussed this concept in the Calculus course.

Therefore for terms far out in the sequence, the denominator is much larger than the
n

_ .3
numerator, leading to lim—=0.

n-wo nl

n

. . . 3
Since lima, =0, we cannot make a conclusion about whether Z—l diverges.

nN—oo
n=1

The n"-Term Test is inconclusive for this series.

15



Example 9: Use the n™-Term Test for Divergence to determine whether the series
diverges.

o)

1
a, ZQ_F and lima, :Iim(9—i3):9
n

nN—oo nN—o0

Therefore, lima, =0 and ZKQ—AJ diverges.
n=0 n

n—ow

16



Activity Sheet with Answers

Activity: The n'"-Term Test for Divergence Name:

Determine if each of the following statements are True or False.

1. If Lman =0, then > a, must converge. False
2.1f > a, diverges, then rI}iﬁr[lan =0. False
3.1f D a, converges, then !m a,=0. True
4. 1f !m a,=0,then > a mustdiverge. False
5. If Lilgan #0,then > a, must converge. False
6. If Lman #0,then > a, must diverge. True
7.1f > a, diverges, then rI}i%r[lan #0. False
8. If > a, converges, then lima, #0. False

N—o0

Based on your results above, only statements 3 and 6 are true.

Therefore, if we can show that lima, # 0, then we can conclude that a series diverges

n—oo

using the n'™-Term Test for Divergence.

If we can show that lima_ =0, then the n'™Term Test for Divergence is inconclusive.

n—oo

17



N : 8
9. Use a table to find lima, given a, = PYTE Round your answers to the nearest
n—o0 +

hundred thousandth.
n 1 10 100 1,000 10,000 100,000
a, 0.8 0.42105 0.07339 0.00793 0.00080 0.00008

. . 8
Based on your table, lima_ =0. What conclusion can we make about zm?
n—o0 +

Since lima, =0, the n'™-Term Test is inconclusive for this series. No conclusions can be

n—owo

made.

10. Use a table to find lima, given a, =

n—o0

n!

(n+1)!

10

100

1,000

10,000

100,000

11

101

1,001

10,001

100,001

. ) n+1)!
Based on your table, lima, = . What conclusion can we make about Z(T) ?

n—o

_ _ " (n+1)1
Since lima, # 0, the n™-Term Test can be used to conclude that E TR diverges.
n—oo

For each of the following, use algebraic techniques to find rI]im a, . Then apply the n'"-

Term Test if possible.

> In
11.
§3n—1
m . . In 7
a, =—— and lima, =lim——=—
3n-1 o0 —>e3n-1 3

Therefore, lima, =0 and 27—n1 diverges.

n—o0
n=1

18



12. i—3n+2

4n® -1
) :_32+2 and lima_ = lim —3n+2 =0
4n° -1 N> o 4n° -1

Since lima, =0, we cannot make a conclusion about whether Z

n—oo n —

diverges.

The n"-Term Test is inconclusive for this series.

a, =3(1J and lima, :IimB(l) =0
4 n—oo n—w 4

'
Since lima, =0, we cannot make a conclusion about whether 23( j diverges.

n—o0
n=0

The n™-Term Test is inconclusive for this series.

= —5n° +2n
14.
nZ:Bn +9n-1
-5n°+2n -5n°+2n
,=————and lima, =lim———=—0
8n“+9n-1 n—e - 8n® +9n—1
-5n®+2n .
Therefore, Ilma #0 and Z— diverges.
~8n°+9n-1

19



a,=7and lima, =lim7=7

n—oo n—oo

Therefore, lima, =0 and » 7 diverges.

n—ow
n=1

oV}
Il

—§+5 and lima, = Iim(—§+5]=5

n n—o0o n—oo n

Therefore, lima, =0 and Z(—EJrSJ diverges.
n

n—oo
n=3

17. 3 (-1)" (Ssiej

n=4

a, :(—1)”( 3n j and lima, =lim(-1)" (53n j does not exist. As we go further

5n-6 n—w n—w n-6

out in the sequence, the terms alternate between values close to : and values close to

n—w

3 . - n .
_g. Therefore, lim a, # 0 and Z(—l) (%j d|verges_
n=4

20



Lesson 3: Geometric Series
Teacher Notes
Overview:

In this lesson, students will learn about geometric series. Most students have already
encountered this type of series in Algebra 2. However, Algebra 2 focuses on finite
geometric series, while calculus extends to infinite geometric series.

Students begin by identifying geometric series. Next, students will find the common ratio
of the terms of a geometric series and use this to determine whether the series converges.
If the series converges, students will calculate the sum.

| have found that many students enjoy working with this type of series since it is rather
straightforward. However, students stumble when given geometric series with an initial
value of the index other than n=0. For this reason, I included examples on both the
guided notes and the activity sheet that have different initial index values.

Additionally, | wanted to include a few examples of series that may not appear to be
geometric at first glance. To address this, | have included series where only the numerator
or denominator is raised to the n™ power.

Obijectives:

e ldentify geometric series
e Determine the convergence of geometric series
e Calculate the sum of convergent geometric series

Standards:

Il. Limits: LIM-7.A.3: A geometric series is a series with a constant ratio between
successive terms.
Il. Limits: LIM-7.A.4: If a is a real number and r is a real number such that |r| <1, then

the geometric series [converges and] Zar” = li.

n=0 —r

21



Guided Notes with Answers

Geometric Series Name:

Consider the series 3+§+§+§+i+...
2 4 8 16

What do you notice about the terms of this series?
_ 1
The terms have a constant ratio of 3

Series consisting of terms with a constant ratio are called geometric series. The terms of
this type of series form a geometric sequence.

In general, the series given by > ar" =a+ar+ar’+ar’®+---+ar" +--- with a=0 and
n=0

r =0 is a geometric series with common ratio r.

Example 1: Identify the ratio of the geometric series and write the series in sigma
notation.

5+10+20+40+80+---

The ratio is 2 and the series can be written as 25(2)n .
n=0

Example 2: Identify the ratio of the geometric series and write the series in sigma
notation.

g 2 1 1 1
—t—t—t+—+—
5 5 10 40 160

1 © "
The ratio is Z and the series can be written as ZEGJ .
n=0

22



Example 3: Identify the ratio of the geometric series and write the series in sigma
notation.

1+(-3)+9+(—27)+81+---

0

The ratio is —3 and the series can be written as il(—S)n or Z(—B)n .

n=0 n=0

Identifying the ratio of a geometric series is a crucial skill because the ratio determines
whether the series will converge or diverge. Let’s investigate this below.

You may remember from Algebra 2 that there is a formula for the sum of the terms of a

finite geometric sequence: Zarn = a(ll_ '
n=0

] provided that r =1.

Sa(1) (1) +a(1) +a(1) +--+a(1)" =a(l+m).

n=0

If r=1, then Zarn
n=0

We know that the value of an infinite series is the limit of its partial sums.

Using the formula above for r =1, we can represent the m™ partial sum as

S, = a(l_ ' j . Now, let’s take the limit of this partial sum.

1-r
_em 1-limr™
IimSm:Iimal F o |—a| Zmoe
m—coo m-—>co _’]__r 1_r

If we want this sequence of partial sums to converge, we want to find what values of r
will make limr™ exist.

m-—o

If r>1or r<-1, limr™ does not exist.

m-—o0

When |r| <1, limr™ =0 and the sequence of partial sums converges.

m—soo
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So assuming |r|<1, we can find lim§S_.

m—oo

. o (1—pm 1-limr" 1-0 1 a
imS, =lima =al —=2*=—|=a =a =
m—oo moe | 1—r 1-r 1-r 1-r) 1-r

The other possibility from above was r=1and S = ar" =a(1+m).
n=0

In this case, lim' S =oo and therefore this geometric series would diverge.

m—oo

Thus a geometric series with ratio r converges if |r| <1 and will have the sum
> a

dar'=—.

oy 1-r

e Notice that this characterization for the limit of the sum requires the value of the
index to start at n=0. We will address how to calculate sums when the index
starts at other values in the examples to follow.

A geometric series with ratio r diverges if |r|>1.

Example 4: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

n=0 ‘
7

Since

<1, the series converges to a2 =
1-r 2 5
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Example 5: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

. 6

n=1 8n

o1
The ratio is §

1 .
<1, the series converges.

Since

Before calculating the sum, notice that the initial value of the index is n=1. We can
calculate the sum in two different ways.

Option 1: We will use the formula for the sum of a geometric series to calculate the sum
of this series, but we will need to subtract a, from the sum calculated by the formula.

. 26 &6 a J6 6 _8\6 /6
The series converges to = —y=——qy=—F——=—"——/0=—.

8

. 1 . :
Option 2: We can factor P out of every term to adjust the series:

i\/g:£+ﬁ+@+"'
=8 8 & ¢

=£+ﬁ.(1jl+ﬁ(ljz+

8) 8 (8

8 8
ST}

Now, this new expression for the series has an initial index value of n=0 and converges

i
o2 _8 \8) V6

1-r ;1 (7) 7
8 8
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Example 6: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

n=2 11
The ratio is —E .
11

Since

6 .
1 <1, the series converges.

Before calculating the sum, notice that the initial value of the index is n=2. We can
calculate the sum in two different ways, as we did in Example 6.

Let’s choose to use the method where we subtract a, and a, from the sum of the
geometric series whose initial index is 0.

The series converges to
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Example 7: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

o0

(8)

gl

n=0

The ratio is 8. Since |8/ >1, the series diverges.

Example 8: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

o0 en
27

n=1

The ratio is e. Since |e| >1, the series diverges.
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Activity Sheet with Answers

Activity: Geometric Series Name:

1. Determine if each of the following is a geometric series. If it is a geometric series,
write the series in summation notation.

40 40 40

a) 120+40+—+—+—+ b) 8+ (-3)+2+7+12+--
3 9 27

Geometric Not geometric

00 1 n
glzo(gj

C) —2+4+(-8)+16+(-32)+-- d) z+2°+7° + 1t +7° +--

Geometric Geometric

9]

> -2(-2)" or n23:‘1(—2)” i;z(;z)” or Y 1(x)"

n=0

e) -1+7+63+215+511+--- f) 10+§+125+625+3125+---
2 32 128
Not geometric Geometric
jlo(ﬁj
n=0 4
125 125) 125
0) 1+4+9+16+25+--- h) 1000+(—250)+7+(—?j+§+

Not geometric Geometric
Zlooo(—lj
n=0 4
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Determine if each of the following is a geometric series. If it is a geometric series,

identify the ratio r.

2 is(—gj

n=0

Geometric, r=——

4.3 -3(4)

n=1

Geometric, r=4

=7
6. len

n=3

Geometric, r = i

8 Z4+3n

n=2

Not geometric

Geometric, =7

Not geometric

226

Geometric, r=9

Not geometric

a 5n-1
9.
Zan 4n+2

n=0

Not geometric

n=0

Not geometric
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12. A geometric series diverges if |r|>1.

13. A geometric series converges if |r|<1.

. < a
14. For a convergent geometric series, Zarn = 1
n=0 -

15. Describe two ways to calculate the sum of a convergent geometric series Zar".
n=3

. . < < a
Option 1: The series converges to Zar” = Zarn -a,—-a,—4a,= T —a,—a,—a,.
n=3 n=0 =r

Option 2: We can factor ar® out of every term to adjust the series:

Dar"=ar’+ar’+ar’+-..
n=3

Now, this new expression for the series has an initial index value of n=0 and converges

to g(ar3~(r)n):ffr3.

r

Students can verify algebraically that Option 1 and Option 2 give the same value for the
series.

Determine whether each of the following geometric series converges or diverges. If the
series converges, find the sum.

© 1 n
16. » 4| =

<1

7

r:l and
7

The series converges to 4 = 14 .
1 3

1-=

-
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n=0
r=Z and ! >1
3 3

The series diverges.

25

18. ) —
n:l6

r:1 and |=|<1
6

The series converges.

Option 1: The series converges to in =i _EO =1.
= 6 1_} 6

6

Option 2: We can factor g out of every term to adjust the series:
$5.5,5,5,.
pr} 6n 61 62 63
5 5 ( 1)1 5 ( 1}2
=—+—|=|+=|=| +
6 616/ 6\6
_ iE(}j”
5 6\6
Now, this new expression for the series has an initial index value of n=0 and converges

03E(L]n . 8),

n:O6 6 _r_l_l_(sj
6 6

6

31



(1)

Slw

19. -

n=0
r :\/l_l and ‘\/1_1‘ >1

The series diverges.

20. i—l(gj

n=2

5

r==and [-|<1
6

6

The series converges.
- n B 0 1

Option 1: The series converges to —1(§j = L —1(§j — —1(% = 2 .
n=2 6 1_§ 6 6 6

2
Option 2: We can factor —1(%} out of every term to adjust the series:

- n 2 3 4
(8 () -
n=2 6 6 6 6
2 2 1 2 2
SURRUILECHILAS
6 6 6 6 6

. 2 n
S

n=0 6 6
Now, this new expression for the series has an initial index value of n=0 and converges

SN0 RO R
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r=+/7 and |ﬁ|21

The series diverges.

23. Write a geometric series in summation notation that converges to a sum of 6.

Answers may vary.

Sample answer: 23(%)
n=0
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Lesson 4: p-Series
Teacher Notes
Overview:

In this lesson, students will learn about p-series. Within this lesson, students also will
learn about a particular p-series, the harmonic series. Series that fit the p-series form are
easy to identify and have a simple method for determining convergence. Knowing about
p-series will be helpful when working with other convergence tests in later lessons.

Students begin by identifying p-series. Next, students will determine whether a given p-
series will converge. Students will see examples where p is a whole number as well as a
rational number. Additionally, students will need to recognize values of p when the terms
of a series are presented in radical form.

In the coming lessons, students will begin a study of three tests that require knowledge of
geometric series and p-series. Therefore, the summary of the activity for this lesson
requires students to determine convergence of a variety of series through any method
studied thus far.

Objectives:

e Identify p-series
e Determine the convergence of p-series
e ldentify the harmonic series

Standards:

[1. Limits: LIM-7.A.7: In addition to geometric series, common series of numbers include
the harmonic series, the alternating harmonic series, and p-series.
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Guided Notes with Answers

p-Series Name:

Example 1: Consider the series 1+%+l+i+i+--- .

9 16 25
What pattern do you notice in the terms of this series?
The denominator is the square of the term number.
What term does not seem to fit this pattern at first glance?
The first term

Can you verify that this term matches the pattern we notice?

Yes. Following the pattern, the first term is 112 = % =1.

Example 2: Consider the series 3+§+1+i+i+---
8 9 64 125

What pattern do you notice in the terms of this series?
The denominator is the cube of the term number.

What terms do not seem to fit this pattern at first glance?
The first term and the third term

Can we verify that these terms match the pattern we notice?

1
13

A

Yes. Following the pattern, the first term is

35

=1 and the third term is 3%

3
7

1
o



A series of the form ii—i+i+i+i+--- is a p-series where p is a positive
— n® 1P 2P 3P 4P p p P
constant.
" w1l 11 1 : :
Additionally, when p = 1, the series ZH :_+E+§+Z+m is called the harmonic
n=1

series.

The series in Example 1 and Example 2 are both p-series.

We can rewrite Example 1 as 1+1+1+i+i+--- —ii where p=2
P 47916 25 L\ P=<

It is important to notice that Example 2 has a numerator other than 1. However, we know
that infinite series are limits of finite sums. Based on properties of limits that we have
previously studied, we know we can factor constants out of limits. Therefore, we can also
factor constants out of infinite series.

D ka, =k> a, where k is a constant.

n=1 n=1

31 3 3 z 3 * 1
Therefore, E le2canb itt 3+ 24+ 24+ 24 2 4 =N 2 o3y =
erefore, Example 2 can be rewritten as MCMITRETT ;m ;n3

Example 3: Identify the value of p for the p-series and write the series in sigma notation.

1 1 1 1
1+—+ + + +e
32 243 1024 3125

p=5

=1
e

n=1
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Example 4: Identify the value of p for the p-series and write the series in sigma notation.

Example 5: Identify the value of p for the p-series and write the series in sigma notation.

Example 6: Identify the value of p for the p-series and write the series in sigma notation.

11 11 11 11

11+ + + + 4o
22 3B s 53
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Like finding the common ratio in a geometric series, identifying the value of p in a p-
series is a crucial skill because p determines whether the series will converge or diverge.

A p-series with p > 1 will converge.
A p-series with 0 < p < 1 will diverge.

Remember that p must be a positive constant.

Let’s investigate why the convergent and divergent statements above are true.

Remember that an infinite series is a sequence of partial sums. When we determine

whether Zip converges, we look at the sequence of partial sums.
n=1 n

Let’s begin by looking at the partial sums of Zip
n=1 n

1
Sl:l_p
11
AT
s Ll,1.1
1» 2° 3P
1 1 1 1
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Think back to earlier in this course. When have we added up values of a function?

Approximating area under a curve using Riemann sums

The partial sums we have listed above look different from Riemann sums since each term
is not being multiplied by Ax . However, if we let Ax =1, we can rewrite the partial sums
as follows:

S, :11;)(1)
S, =5 (W) + 5 (1)

Sa =g )+ O+ 2
S~ O+ e O+ s+ 0

Now, we can see that each of these partial sums can be interpreted as a Riemann sum.

1
XP

dx.

Let’s look at Riemann sum approximations for

R —3

A left Riemann sum approximation with Ax =1 would be:

1

idxzlip(l)+§(1)+3_p(1)+4_p(1)+...+

Xp

B e— 3

This would correspond to the partial sum S_ ;.

39



We know that p >0 and thus f(x) = ip is a decreasing function on the interval (0,).
X

e

) y y y T T u + u T u u u * T * U

Left Riemann sum approximation [4].

Therefore, the left Riemann sum approximation is an overestimate of the integral.

Thatis, S,, , 2J.ipdx.
X
1

For O< p<1,
Tl
limS, , >lim | —dx
m—o m~)ool Xp
x|
= lim
m—>oo_p+ll

(-p+)

When 0< p<1, —p+1 is positive and therefore m grows without bound as

mPY gty N . L
M —>o0. Thus lim - is infinite. This implies that lim S_ ; is infinite and
m—w _p+1 _p+1 m—oo

the sequence of partial sums diverges. Thus, Zip diverges.
n=1 n
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For p=1,

m

) . 1
limS > lim|—dx
m—oo m—)ool X

A m
=limIn|x|
m—oo 1

= lim (In|m|—In[1])

m—oo

= lim (In|m|-0)

m—oo

= 00,
Thus lim S, , is infinite and therefore the sequence of partial sums diverges. Thus,
Zip diverges.

n=1 n

A right Riemann sum approximation with Ax =1 would be:

1
xP

dXz%(l)+3ip(1)+_(1)+...+

P — 3

This would correspond to the partial sum S _ —lip(l).

We know that p >0 and thus f(x)= ip is a decreasing function on the interval (0,).
X

(AL T T T T T rrrrr —-ss

Right Riemann sum approximation [4].
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Therefore, the right Riemann sum approximation is an underestimate of the integral.

. 1 i
Thatis, S, —1—p(1) g!

For p>1,

limS,, < lim [1%(1)4%0@

m—oo m—o 1

m

:l(l)+lim ipdx

1p m—mlx
(-p1) "
=L (@)+1im
1° e —p+1)
=L @)+ 1im LU S
1° moo| —p+1 —p+1)

(-p+1) (-p+1)
Thus, lims, <= (1)+tim| ™ X |
m—co 1P m—o _p+1 _p+1

(-p+

When p>1, —p+1 is negative and therefore m Y converges to 0 as M—o0. Thus

m-P) e . . . . . .
- exists. This implies that lim S_ converges. Since the limit
m-—>o0

L @)+ 1im
-p+1 —-p+1

1P m—c

o0

. 1
of partial sums converges, Z—p converges.
— N
n=1

0

Therefore, zip converges when p >1 and diverges when 0 < p <1.
n1 N

We will usually assign p-series an initial index value of n=1, however the initial value
of the index can be any finite positive value. This will not affect the convergence of a p-
series.
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Using this information, we can determine whether the series in Examples 3 through 6
converge.

Example 3: p=5and 5>1 The series converges.
1 1 -
Example 4: p= > and 0< N <1 The series diverges.
. 1 1 -
Example 5: p = 1 and 0< 7 <1 The series diverges.
4 4 :
Example 6: p = 3 and 3 >1 The series converges.

Example 7: Determine whether the p-series converges or diverges.

21 1 1 1 1
lez 1+ 617 +36/7 +46/7 +55/7 e

p:§ and 0<§31
7 7

The series diverges.

Example 8: Determine whether the p-series converges or diverges.

p=xand 7>1

The series converges.
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Example 9: Determine whether the p-series converges or diverges.

>

i— 3+i+i+ 3 +i+...
S 2 3 Y4 s

p:l and O<lsl
6 6

The series diverges.

Example 10: Determine whether the p-series converges or diverges.

= 8.3 83 83 83 83
D =83+ —+—+—+—+
na N 2 3 4 5

p=1and 0<1<1

The series diverges. This is a multiple of the harmonic series.
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Activity Sheet with Answers

Activity: p-Series Name:

1. Determine if each of the following is a p-series. If it is, write the p-series in summation
notation.

a)l+i_l+é+i_l+é+... b) 7+Z+Z+Z+Z+
27 3 47 5 2 3 4 5
Not a p-series. p-series with p =1; multiple of the

harmonic series

v

n=1 n

17 17 17 17 ! 2 ’ ‘
) 17+—=+ +—=+ +... d)7+7(§j +7[§j +7[§j +7(§j 4

232 33 4¥s 55 2 2 2 2

. . 10 .
p-series with ng Not a p-series.
= 17 & 17
;n%_;nlom
) I°+2°4+3°+4° 457 +... f) sl 4 1,4
2 27 16 125

p-series with p=5 p-series with p=3

~ =1 = 4
Z”*SZZ—S 2—3

n=1 n=1 n n=1

=)
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Identify p in each of the following p-series. Then, determine if the series converges or
diverges.

= 1 =1
2. 2 3.0

n-1 N - N
p:Eand O<§£1 p=e and e>1
7 7
The series diverges. The series converges.

4. Write a p-series in summation notation with p = T and whose first term is 9.

> 9
z V45

n=1 n

5. Write a p-series in summation notation with p =6 and whose first term is 1.

-1
25

n

Determine whether each of the following series converges or diverges. Use any method
we have studied.

2 8+3n ad n
6., o 7. >'5(3)

n= n=2
Use the n'"-Term Test for Divergence. Geometric series
an:8+3n and Iiman:IimSJrgn:l r=3and [3>1
9n n—w n—» 9N 3
Therefore, lima, #0 and the series diverges. The series diverges.

n—o0
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The series converges.

10. i‘:"zn

3
n=2 n

Use the n'™-Term Test for Divergence.

>2 and lima, =lim 52

n—o0 N—o0 n3

a =
n nS

Therefore, lima, #0 and the series diverges.
n—oo

o0 1 n
12. | —

H
Geometric series

1

r==and |=|<1
6

The series converges.

47

00_2n
9., 3

n=0

Geometric series
r=2and|[2|>1

The series diverges.

=
=

Ms
| o

n=1 n
p-Series
p=8and 8>1

The series converges.

= 4
13. ) —
20
p-Series
p:1 and O<1§1
2 2

The series diverges.



14. 162

n=3

Use the n"-Term Test for Divergence.

a,=16.2 and lima, =1im16.2=16.2

nN—o0 N—o0

Therefore, lima, #0 and the series diverges.

n—o0

16. Complete the following chart.

00 4n
15. 23.5n

n=0

Geometric series

4

r=— and |- <1
5

The series converges.

Genegilrizosrm of Series diverges if ... | Series converges if...
The n"-Term Test for N i :
Divergence D a, lima, =0 Not applicable

n=k

Geometric Series > ar" r|>1 Ir| <1
n=k

. =1

p-Series Zn—p O<p<1l p>1

n=m

Note: Let k represent any integer and let m represent any positive integer.

17. The n'"-Term Test for Divergence can only determine that a series diverges.

18. We can calculate the sum of a convergent geometric series with an initial index value

of n=0 using the formula 11.
-r

- > 1 .
19. In a p-Series in the form ZF p must be a positive constant.

n=m
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Lesson 5: Direct Comparison Test
Teacher Notes
Overview:

In this lesson, students will learn about the Direct Comparison Test. To apply this test,
students must use prior knowledge of geometric series and p-series. Students should be
familiar with characteristics of each type of series and be able to identify when these
series converge or diverge. Additionally, when given two series, students will need to
determine which series has larger or smaller terms.

In the activity, students will identify a series that is similar to a given series. Next,
students will describe scenarios that are supported by the Direct Comparison Test. | have
also included a question asking students to describe the two cases when the Direct
Comparison Test is inconclusive. Additionally, students will need to apply the Direct
Comparison Test to a given series.

As the final activity, | have asked students to decide what test or method would be best to
use to determine if a given series converges or diverges.

Objectives:

e Identify series similar to a provided series

e Apply convergence rules of geometric series and p-series
e Given two series, justify which series has smaller terms
e Given two series, justify which series has larger terms

e Apply the Direct Comparison Test

Standards:

[1. Limits: LIM-7.A.8: The comparison test is a method to determine whether a series
converges or diverges.
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Guided Notes with Answers

Direct Comparison Test Name:

and asked to determine whether the series

Example 1: We are given the series > — .
S+

converges or diverges. What methods might we try in order to answer this question?
1. The n™"-Term Test for Divergence

1 . .
a,=——— and lima, =lim =0

R =

o : - 1
Since lima, =0, we cannot make a conclusion about whether Z ;— diverges.

n—oo
n=1

The n™-Term Test is inconclusive for this series.

2. Geometric Series

0 1 00
The series Z 2 is not of the form Zarn . Additionally, we cannot factor out
n=1 n=0

a value to adjust the given series to fit the form. This is not a geometric series. We
cannot use what we know about geometric series to determine whether the series
converges or diverges.

3. p-Series

v 1 : 1o :
The series Z 1 does not fit the form ZF This is not a p-series. We cannot

2
nt N n=1
use what we know about p-series to determine whether the series converges or
diverges.

None of the methods we have studied so far is applicable to this particular series.

What if instead of matching a known series type exactly, we looked for a type that was
similar to the series we are working with?
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The series Z 21

=n +1

is similar to a p-series.

00

What p-series would we say is most similar to Z g ?
=n"+

S 1
2.

n=1 n

What do we know about the series we wrote above?

In the series Ziz p=2 and 2>1. Therefore, Ziz
n=1 n n=1 n

converges.

Let’s list a few terms of the original series we were given and the new series we have
compared it to.

21 1
Original: =—+
9 ;;n2+1 2

1 1 1
St —+
5 10 17

U | 1 1 1
-Series: ) —=1+—4+=+—+--
P nzzl“n2 4 9 16

Let’s compare the two series term by term.

11

1 1 1 1
—<1 —<=
2 5 4

1
10 9 17 16

We can see that each term of the original series is less than the corresponding term of the
series we selected.

Additionally, we can compare the expression for the n' term for each series.

a,=—— and bn:i2

n“+1 n
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What do we notice about these expressions?

The numerator is the same for each expression. However, a, has a larger denominator
and will result in smaller terms.

Since we know that the series Ziz converges, what do you think this means about our
n=1 N

original series?

Since the terms of the original series are positive and smaller than the terms of the p-
series, the partial sums of the original series must be positive and smaller than the partial
sums of the p-series. We know that the sequence of partial sums of the p-series
converges, and thus the p-series converges.

Therefore, it makes sense that the sequence of partial sums of the original series must
converge as well, resulting in the original series converging.

Although this is not a formal proof, there is a proof which you may learn in a college
calculus course.

This leads us to the next convergence test we will study: the Direct Comparison Test.

Direct Comparison Test

Given two series »_a, and Y b, ,let 0<a, <b, foralln,

n=1 n=1
1. If > b, converges, then > a, converges.
n=1 n=1

2. If ian diverges, then ibn diverges.

n=1 n=1

To use this test, we must find a series similar to the series we are given. We should
choose a series that is either a geometric series or a p-series since we can easily determine
whether these series converge or diverge.
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Additionally, notice that this test requires both Zan and an to consist of positive
n=1 n=1

terms. This is an important condition to verify before applying the Direct Comparison
Test.

Let’s investigate why this condition is important. We will assume we only need @, <b, .

0

Let > a, =i%1 and ibn :iiz

n=1 n=1 n=1 n N
It is true that @, <b, for all terms since every a, is negative and every b, is positive. We
know that Z_—l diverges since it is the negative of the harmonic series and ziz isa
n=1 n=1

p-series that converges. So even with a, <b, , when the terms of the series are not all

positive, we cannot use the convergence of an to determine the convergence of Z a
n=1 n=1

n "

Also even with a, <b,, we cannot use divergence of Z a, to determine the divergence
n=1

0

of >'b,.

n=1

Therefore, we must be sure that we are working with series consisting of positive terms
when we apply this test.
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Example 2: Use the Direct Comparison Test to determine whether the series converges
or diverges.

> 5
2

=n

We will compare this series to the p-series z = Zi

1/3
~ ~n

Note that both the original series Z\/_ and new series z

nl

E consist of positive terms.

In the series Z o P= and 0< ; <1. Therefore, Zi diverges.
n=1 n

1 5
Let a,=—= and b

Notice that a, and b, have the same denominator. However, b, has a larger numerator

and therefore a, <D, . Since we know that »"a, diverges, we know that » b, diverges
n=1 n=1

as well by the Direct Comparison Test.

Thus, the series Z diverges.
3

We could have also determined that the original series Z T diverges by noticing that it

is a multiple of the p-series we used in the comparison.

54



Example 3: Use the Direct Comparison Test to determine whether the series converges
or diverges.

o0 2n
Z:3”+5

n=1

n

We will compare this series to the geometric series Zg—n = Z(gj
n=1 n=1

n

Note that both the original series Z3n 5 and new series Z@j consist of positive
n=1 + n=1

terms.

In the series Zw: E , r:E and Z
3 3 3

n=1

1. Therefore, i(gj converges.

n=1

n n

——and b, =—.

Let &, = -
3"+5 3

Notice that a, and b, have the same numerator. However, &, has a larger denominator

and therefore a, <b, . Since we know that an converges, we know that Zan
n=1 n=1

converges as well by the Direct Comparison Test.

n

Thus, the series Z converges.
n=1

—3"+5
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Example 4: Use the Direct Comparison Test to determine whether the series converges
or diverges.

. : . : . &8
We will compare this series to the harmonic series Z—.
n=1

Note that both the original series Z% and new series Z§ consist of positive terms.
n=1 n+ n=1

In the series Z% p=1and 0<1<1. Therefore, > — diverges.
n=1

n=1

> | 0o

Let an=i and bn=§.
n+3 n

Notice that a, and b, have the same numerator. However, a, has a larger denominator

and therefore a, <b,.

We know that an diverges, but we cannot make a conclusion about Zan using the

n=1 n=1

Direct Comparison Test.

We will investigate another method to determine the convergence or divergence of a
series in the next lesson that will address this situation.
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Example 5: Use the Direct Comparison Test to determine whether the series converges
or diverges.

- 1

n +

[EEN

=1
We will compare this series to the p-series Z\/_ > =

512
n N

R . .
and new series » —— consist of positive

'\/n +1 n=1 N

Note that both the original series Z

terms.
o5 1 5 5 =1
In the series > ——, p =3 and 5 >1. Therefore,  —— converges.
= “~in
Let a, = L and bn=i.
n®+1 Jn®

Notice that a, and b, have the same numerator. However, a, has a larger denominator

and therefore a, <b, . Since we know that an converges, we know that Zan
n=1 n=1

converges as well by the Direct Comparison Test.

0

Thus, the series

- converges.
n°+1
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Example 6: Use the Direct Comparison Test to determine whether the series converges
or diverges.

< 1
Zl 74n -2
We will compare this series to a multiple of a p-series with p ==. We will use the series

=1 = 1
z %:27n1/4'

n=1 7 n=

o0

Note that both the original series Z and new series Z L - consist of positive

1
n= 74/7_2 n=1 n

terms.

o0

In the series Z ., p= 1 and 0< i <1. Therefore, 27—11/4 diverges.
7n

n=1 n=1

Let a =

L and b, =
74 7\/_ 2

Notice that a, and b, have the same numerator. However, b, has a smaller denominator

and therefore a, <b, . Since we know that »"a, diverges, we know that » b, diverges
n=1 n=1

as well by the Direct Comparison Test.

Thus, the series Z diverges.

(_
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Activity Sheet with Answers

Activity: Direct Comparison Test Name:

Determine if each of the following is similar to a geometric series or a p-series. Then
provide the series you would use with the Direct Comparison Test.

5" +2 2 1
1LY 7 2.

n=1 n=1 3n3+1
Geometric series p-series
=(5Y 21 1&1
Z(Zj 23 3%
0 l '] 6n
3.y ——— 4.3 —
1104/n° -9 a1l +7
p-series Geometric series
5Ll l S(8)
n=1 107 n5 10 ol A n5 11l

Use the words “smaller” and “larger” to complete the following statements describing the
results of the Direct Comparison Test.

5. If the larger series converges, the smaller series must also converge.

6. If the smaller series diverges, the larger series must also diverge.
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Determine whether each of the following series converges or diverges using the Direct
Comparison Test.

& 2
7. ) ———
; Vn® +12
. ) . = = 2
We will compare this series to the p-series Z— = ZF .
n=1 n=.

L &2 . .
Note that both the original series z and new series 2—3 consist of positive
\/n +12 n

n=1

terms.

In the series Z% p=3and 3>1. Therefore, > = converges.

n=1 n=1

3w| N

Let an=L and b = 2

Jnf +12 ot
Notice that a, and b, have the same numerator. However, a, has a larger denominator

and therefore a, <b, . Since we know that an converges, we know that Zan
n=1 n=1

converges as well by the Direct Comparison Test.

0

: 2
Thus, the series Z— converges.

/N +12
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0 8n
8.
2;7“—4

We will compare this series to the geometric series Z?—n = Z(gj :
n=1

n=1

. . - & . &(8Y : .
Note that both the original series Z7n 2 and new series Z( j consist of positive
n=1 - n=1

~ | 0o

terms.

& (8Y 8 8
In the series —|, r==and |-
53 E

© (8 n )
>1. Therefore, — | diverges.
7 Z(?) ’

n=1

n=1

Let a, 5 and b, = 8
7 7" -4

Notice that a, and b, have the same numerator. However, b, has a smaller denominator

and therefore a, <D, . Since we know that Zan diverges, we know that an diverges
n=1 n=1

as well by the Direct Comparison Test.

-4

Thus, the series | diverges.
n=1
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9. Given two series Z a, and an with 0<a, <b,, describe two scenarios that are
n=1 n=1

inconclusive when using the Direct Comparison Test.
Scenario 1: We can prove that Zan converges. Then we cannot make a conclusion
n=1
about an using the Direct Comparison Test.
n=1
Scenario 2: We can prove that an diverges. Then we cannot make a conclusion about

n=1

Zan using the Direct Comparison Test.

n=1

State the method you would use to determine the convergence of each of the following
series. You do not need to determine whether the series converges or diverges.

n=1 4N n=1 5"
p-series Geometric series
0 2n 0 _
12, n 13, Y Ln-8
n:13'|'7 n=1 5n+7
Direct Comparison Test The n"-Term Test for Divergence
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Lesson 6: Limit Comparison Test
Teacher Notes
Overview:

In this lesson, students will learn about the Limit Comparison Test. Similar to the Direct
Comparison Test, students will need to use prior knowledge of geometric series and p-
series. When given a series that does not fit the form of a geometric series or a p-series,
students will identify a similar series that is one of these types of series. Students will
then apply the Limit Comparison Test to make a conclusion about the original series.

This test is important since it often can be used in place of the Direct Comparison Test,
and can be applied in more situations. Unlike the Direct Comparison Test, students do not
need to determine what series produces larger or smaller terms. Instead, students must
take a limit. Students are very familiar with limits since the beginning of the calculus
course focuses on computing limits through various methods.

The activity for this lesson is very straightforward. Students are asked to apply the Limit
Comparison Test to a variety of series. Additionally, students are asked to identify when
they would attempt to use this test. Finally, students will describe what limits will allow
them to apply the Limit Comparison Test.

Obijectives:

e Identify series similar to a provided series

e Apply convergence rules of geometric series and p-series
e Find the limit of a ratio

e Apply the Limit Comparison Test

Standards:

Il. Limits: LIM-7.A.9: The limit comparison test is a method to determine whether a
series converges or diverges.
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Guided Notes with Answers

Limit Comparison Test Name:

and asked to determine whether the series

Example 1: We are given the series )_ o
n=1 -

converges or diverges. What methods might we try in order to answer this question?

Note: Our instincts should lead us to the Direct Comparison Test, but let’s investigate the
other methods we have learned as well.

1. The n'"-Term Test for Divergence

a, = ! and Iiman:IimL:O
6" -5 n—co n>o f" —§

o : A
Since lima, =0, we cannot make a conclusion about whether Zﬁ diverges.
n—oo nel —

The n"-Term Test is inconclusive for this series.

2. Geometric Series

55 is not of the form Zar” . Additionally, we cannot factor out
- n=0

a value to adjust the given series to fit the form. This is not a geometric series. We
cannot use what we know about geometric series to determine whether the series
converges or diverges.

The series Z
n=1

3. p-Series

R : -1 :
The series Z does not fit the form Zn—p This is not a p-series. We
n=1

6"-5 ~
cannot use what we know about p-series to determine whether the series
converges or diverges.

4. Direct Comparison Test

The series Z

L . &7 & (1Y
is similar to the geometric series —=> 7 =].
£6 5 . 2y~ (6)

n=1
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. e I ' ,
Note that both the original series ) 65 and new series Z?(%} consist of
n=l ¥ = n=1

positive terms.

In the series i?(%j T :% and ‘%

n=1

1. Therefore, i?(%) converges.

n=1

Let a, = and bn:%.

n

Notice that a, and b, have the same numerator. However, a, has a smaller

denominator and therefore a, > b, .

Notice that this is a different scenario than we need in order to apply the Direct
Comparison Test.

Although we know that )" b, converges, we cannot make a conclusion about

n=1

Zan using the Direct Comparison Test.

n=1

None of the methods we have studied so far is applicable to this particular series.

However, there is another test we can use to determine the convergence or divergence of
a series: The Limit Comparison Test.

As in the Direct Comparison Test, the Limit Comparison Test will require us to use a
series that is similar to the series we are given.
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Limit Comparison Test

n—o

Suppose that a, >0, b, >0, and Iim(ﬁj =L where L is finite and positive. Then the

two series > a, and > b, either both converge or both diverge.

Let’s take a look at the possibilities for L to see why L must be finite and positive in order
to apply the Limit Comparison Test.

Since we must begin with a, >0 and b, >0, we know that the limit of the ratio of these
terms must be nonnegative if the limit exists. Therefore, we know L >0.

Case 1: If L is a positive finite value, we can conclude that the limit of the ratio of terms

of % is this same positive finite value. Therefore when we look far enough out in the

n

series, the terms of >"a_ are about L times the size of the terms of > b, .

So the partial sums for Zan converge if and only if the partial sums for an

converge. Likewise, the partial sums for Zan diverge if and only if the partial sums for
Db, diverge.

Case 2: If L =0 or the limit does not exist, the Limit Comparison Test is inconclusive.
The following examples demonstrates this.

N -1 : : .
Let’s use the series Z and ZH Both series consist of positive terms.

n=1 n2+ n=1
1
Let a,=—— and b, =~.
n°+1 n
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n—w

Now, find Iim[ﬁj.

. 1 .
L =lim——+==lim——-—=lim——=0
ool P ) meen®+1l onoonoent+1 10 noent 4+l

Let’s change the labels and find lim (%} once again.

n—oo
n

1
n " n?+1

. (a,) . 1 1 .1 n+l . n*+l
lim| = |=lim=+——=Ilim=- =lim =0
n°+1

Let anz1 and b, =

n—oo n—w n—w 1 n—co n

We know Z converges by the Direct Comparison Test (see Lesson 5) and we

2
=n° +1

know that ) = is the harmonic series which diverges. So in these examples, when
n=1

L =0 or the limit does not exist, one series converges while the other diverges.

Note: There are other examples where both series converge or both series diverge even
when L is not finite and positive.

To summarize, we have shown that we can only apply the Limit Comparison Test to two
series consisting of positive terms if the limit of the ratio of their terms is a finite, positive
value.
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Going back to Example 1, we can compare Z ! to i(lj . When we were trying

n=1 6n _5 n=1 6

to apply the Direct Comparison Test, we used Z?(%j as the comparison series but

n=1

were unable to apply the test because Z?(lj has smaller terms than Z l
n=1

— | 6 ~g"_5°

Since we do not need to decide what series has larger or smaller terms in order to use the
Limit Comparison Test, we will use the simpler version of the geometric series in the
comparison.

The series Z(lj is a geometric series with r = % and ‘%

n=1

<1. Therefore, i (%j

n=1
converges.

Note that both the original series Z and new series Z(lj consist of positive
n=1

6"-5 1\ 0
terms.

Let’s apply the Limit Comparison Test.

Let a, = ! and bﬁ(lj-
6" -5 6

Now, find Iim[%j.

n—ow

,
o E n7(6
lim| & | = lim 8=5 _ jjm .6_:|imQ:7
n—w bn n—o (1)” n—>oo6n_5 1 n—w 6n_5
6

Since L =7 and 7 is finite and positive, both series converge.
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What if we interchanged the labels before calculating the limit?

7
6"-5"

Let a, =(%j and b, =

Find |im(ij.
n—w bn

=lim=—- =lim >
Y n—wo §" 7 N0 7(6“)

6" -5

1 n
(a ) . (6) 16'-5 . 6"-5 1
lim| = |=lim—~——— -
b, 7

n—oo

Since L= - and % is finite and positive, both series converge.

Notice that it did not matter which series we labeled as > a, or > b, . Both limits
produced positive, finite values.

When using the Limit Comparison Test, we can choose to label the given series as either
Zan or an . In some cases, we may find that changing how we label the series may

help us simplify the limit.

However, to be consistent in these notes, we will label the given seriesas > a, .
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Example 2: Use the Limit Comparison Test to determine whether the series converges or
diverges.

i 1

n=1 n + 4
We will compare this series to the p-series Z Z%
) =n
.. N = 1 . . .
Note that both the original series and new series ) —- consist of positive
Z‘ Jn+4 nz—; n"?

terms.

S
In the series Z TR p= and 0< ; <1. Therefore, ZT iverges.

nfl n=1 n

lim| 2 | = Jim ——=— L0
n—o n n—w /n_'_ ,\/7 n—oo [n+4 1 n—co ,n+4

Since L =1 and 1 is finite and positive, both series diverge.

=1
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Example 3: Use the Limit Comparison Test to determine whether the series converges or
diverges.

i 3n*+5n-1
“~An" +8n°+9

2
. ) ) . N 21
We will compare this series to the p-series > —=> =
n=1 n n=1 n

3n®+5n-1 . w1 :
Note that both the original series Z— and new series 2—5 consist of
~4An" +8n°+9 T N

positive terms.

- w1 -1
In the series Z¥ p=>5 and 5>1. Therefore, Z¥ converges.

n=1 n=1

3n° +5n-1
Leta,=—————— and bn:is
4n" +8n°+9 n
. (a, 3n*+5n-1 1 . 3n°+5n-1 n° . 3n"+5n°-n° 3
lim =lim—————+ L =lim————— —=lim=————— ==
n—o0 rH%4n +8n°+9 n° >=4n"+8n°+9 1 o= 4n’ +8n°+9 4

Since L :% and % is finite and positive, both series converge.
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Example 4: Use the Limit Comparison Test to determine whether the series converges or
diverges.

0 5n
Z2“+7

n=0

We will compare this series to the geometric series 25—n = Z(gj :
n=0 n=0

n

- v 9 -
Note that both the original series Z o7 and new series Z[
n=0 +

N | ol

j consist of positive
n=0
terms.

In the series Z 5 , r:E and S
2 2 2

n=0

>1. Therefore, i(gj diverges.

n=0

n

Let a, = n5 and bn=(§j.
2" +7 2

5n
lim| & | = tim 247 Zjim—> .2 _jim 2 _ 1
o) b, M(Sj 1522717 5 1w 2" 47
2

Since L =1 and 1 is finite and positive, both series diverge.
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Example 5: Use the Limit Comparison Test to determine whether the series converges or
diverges.

0 3n
Z:4" -1

n=1

n
n=1 n=1

We will compare this series to the geometric series 23— = ZGJ :

. L S 3 &
Note that both the original series »_ and new series 2(
n=1

. consist of positive
4" -1 ~

Mlw

terms.

In the series Zm: § , r:§ and ‘E
4 4 4

n=1

<1. Therefore, ZG) converges.

n=1

Let &, = 3 and b, = 3 :
4"-1 4

3n
lim| 2 = him 4" =L _jim -3 4 jim 1
N—oo bn n—>ao(3j” nso 4" 1 3" now 4" 1

4

Since L =1 and 1 is finite and positive, both series converge.
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Activity Sheet with Answers

Activity: Limit Comparison Test Name:

n—oo

1. The Limit Comparison Test requires us to calculate Iim(ij = L. What must be true
n

about L in order to be able to apply this test?

L must be positive and finite.

Determine whether each of the following series converge or diverge using the Limit
Comparison Test.

= 5
2.24

1 a/n®+8

34
n=1 N

=1
We will compare this series to the p-series Z\/* Z—

0

. v 1 : .
Note that both the original series Z\/_ and new series ZW consist of positive

=1 n=1
terms.
3 3 Sl
In the series Z e p=—and 0 <—<1. Therefore, ZT iverges.
1 4 4 n=1 n
Let a, =~ = g and b, = —
nm(a ]—nm 5 At S0
n—o n—w 4,n3 +8 \/_ n~)30 4[n3 +8 1 n—w 4,n3 +8

Since L =5 and 5 is finite and positive, both series diverge.
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= 8"+4
3 Z13n +7

n=0

We will compare this series to the geometric series 2183n = Z(%} :
n=0 n=0

. . & 8"+4
Note that both the original series »_
n=0

—— and new series »_ 8 ) consist of positive
513" +7 —\13

terms.

In the series i(ﬁj T :E and ‘E <1. Therefore, i(ﬁj converges.
—\13 13 13 13

n=0
n 4 n
Letan=8nJr and b, = 8.
13" +7 13

8" +4 (8

Ton | o n n 13" (8" +4
lim| 2 :IimM:IimSn—Mﬂ%:IimM:l
n—o bn n—w [ 8 j n>013"+7 8 n—o0 QN Clgn +_7)

13

Since L =1 and 1 is finite and positive, both series converge.
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°°8n2+3n 7
i “on*-2n

n

0 2 © 1

n
We will compare this series to the harmonic series > —=> =.
N an

8n° +3n . w1 . .
Note that both the original series ZW and new series ZH consist of positive
=1 - n=1

terms.

We know that the harmonic series Z— diverges.
n=1

8n° +3n-7
Let anzér— and bnzl.
9n° -2n n

lim| =~ 5 5
n%w 9n®*-2n n ne 9nd-2n 1 e 9n3—2n 9

n—oo

(anJ : 8n +3n-7 1 _. 81°+3n-7 n_. 8n°+3n"-7n_8

Since L =g and g is finite and positive, both series diverge.

5. When asked to determine if a series converges or diverges, what would lead you to try
the Limit Comparison Test rather than other methods?

Sample Answer: If the series resembled a geometric series or p-series, but did not exactly
match the form of either series type, | would try Limit Comparison Test. | could also try
to apply the Direct Comparison Test, but then | would need to determine which series had
larger or smaller terms. With the Limit Comparison Test, | do not need to know which is

n—o0

larger or smaller. | can find Im(a j and if the limit is positive and finite, | can make a

conclusion about the given series.
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Let’s assume @, >0 and b, > 0. You have done the work to calculate the following

limits. If you arrived at each of the following conclusions, would you be able to apply the
Limit Comparison Test? Why or why not?

6. |im[$j —
n—oo bn

We cannot apply the Limit Comparison Test. The limit is infinite. In the Limit
Comparison Test, the limit must be finite.

We can apply the Limit Comparison Test. The limit is % . This is positive and finite.

8. Iim[ijzl
n—oo bn

We can apply the Limit Comparison Test. The limit is 1. This is positive and finite.

9. |im(ﬁ] -0
n—oo bn

We cannot apply the Limit Comparison Test. The limit is 0. This is not a positive value.

n—o0o

10. Iim(a—:j —J7

We can apply the Limit Comparison Test. The limit is \/7 . This is positive and finite.
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Lesson 7: Ratio Test
Teacher Notes
Overview:

In this lesson, students will learn about the Ratio Test. To apply this test, students will
take the limit of the ratio of two terms from the same series. This test does not require
students to apply information they’ve previously learned regarding geometric series or p-
series. The Ratio Test is useful when working with series involving factorials, as well as
series that combine different types of functions.

The Ratio Test will be extremely useful for students who continue to study calculus. For
example, they will use this test to discover the radius of convergence for Taylor and
Maclaurin polynomial approximations.

The activity for this lesson requires students to apply the Ratio Test to several series as
well as describe the conditions of the Ratio Test. Additionally, students are asked to
simplify an expression involving factorials. As the final activity, students are given
several different series. For each series, they must identify an appropriate
convergence/divergence test.

Objectives:

e Find the limit of a ratio
e Apply the Ratio Test

Standards:

Il. Limits: LIM-7.A.11: The ratio test is a method to determine whether a series of
numbers converges or diverges.
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Guided Notes with Answers

Ratio Test Name:

Example 1: We are given the series 25% and asked to determine whether the series
n=1

converges or diverges. What methods might we try in order to answer this question?
1. The n™"-Term Test for Divergence

n : .n :
a, ~o and lima, = I|m5—n =0 by the Law of Dominance

nN—oo

. . : =n .
Since lima, =0, we cannot make a conclusion about whether Z—n diverges.

n—o0
n=1

The n"-Term Test is inconclusive for this series.
2. Geometric Series

The series Zsln is not of the form Zar” . Additionally, we cannot factor out a
n=1 n=0

value to adjust the given series to fit the form. This is not a geometric series. We
cannot use what we know about geometric series to determine whether the series
converges or diverges.

3. p-Series

The series Zsln does not fit the form Zip This is not a p-series. We cannot
n-1 n=1 N

use what we know about p-series to determine whether the series converges or
diverges.

4. Direct Comparison Test and Limit Comparison Test

The series Z—n is not similar to a geometric series or a p-series. We do not have
n=1

a known series to use in a comparison. We cannot make a conclusion about this
series using the Direct Comparison Test or the Limit Comparison Test.
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None of the methods we have studied so far is applicable to this particular series.

However, there is another test we can use to determine the convergence or divergence of
a series: The Ratio Test.

The Ratio Test is useful since we do not need to compare the given series to another
series. We only need to use the given series and the expression for its terms. We can also
use the Ratio Test for series with negative terms.

Ratio Test

Let > a, be a series with nonzero terms.

. L. |a
1. The series ) a, converges if lim|—2/<1.
n—oo an

. . oA, la

2. Theseries D a, diverges if lim|=22/>1 or lim|—=%=oo.
n—o0 a nN—o0 an

: . A, la,, .

3. The Ratio Test is inconclusive if lim|—=%{ =1 or lim|—=| does not exist.
nN—oo an n—oo an

The absolute values are important, especially for series with some positive terms and
some negative terms, but where the positive and negative values do not alternate from
one term to the next. In a case such as this, the limit of the ratio of successive terms with
the absolute value would exist, but the limit without the absolute value would not exist.
We will not investigate a case such as this in the notes but interested students can ask to
see an example later.

Note: For interested students, explore the following series:

Z 2" 8 16 64

o Sln(z+?j£+£+[£J+(£J+£+
n=0 2 4
RN N
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a'n +1

The Ratio Test requires us to find lim . Unlike the Limit Comparison Test, we

nN—oo an
cannot calculate the limit of the reciprocal and arrive at the same conclusion. For
N - a1 . .
example, if lim|—=£{ =5, then lim ==. This would lead to two different
n—oo an nN—oo an+1

conclusions using the Ratio Test.

0

Let’s apply the Ratio Test to the series in Example 1: 25% .

n=1

Note that Zin has nonzero terms.
n=1

n
Let an:_n'
5

. |n+1 n
=lim :

N 5n+l : 5n

an +1

al’l

lim

n—o0

. [n+1 5"
=lim .
N—s00 5n+l n

. 15" n+1
=lim

Ne—so0 5n+1 n

. 5" n+1
=lim .

n—o 55” n
1'n+1
n—o0o 5 n

an +1

an

Since lim

n—o

1 - .
:% and 5 <1, the series 25% converges by the Ratio Test.
=1
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Example 2: Use the Ratio Test to determine whether the series converges or diverges.

(5
n J—
= \3

Note that Zn(%) has nonzero terms.

n=1

Let a, :n(gj .
3

RE )
lim|—L| = lim

n—oo

=lim

+1)

IO R )
+1)
(3)

:“m +1 n
n—o 3 n(2)
|2t 3" n+
:Ilm N il
nom| 20 3 n ‘
122" 3" n+l
=lim .
o 2" 33" n |
. 121 n+1
=limj=.-=.—=
n—oo 1 3 n
_2
3
: . la,,| 2 2 & (2Y :
Since lim|—% =3 and §<1, the series Zn 3 converges by the Ratio Test.
n—o0 an el
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Example 3: Use the Ratio Test to determine whether the series converges or diverges.

o0 n

Note that 28—6 has nonzero terms.
n=2

n

8
Let anzﬁ.

an+l 8n+l 8n
L 6

a‘n

=lim

lim 5
"=l(n+1)” N

nN—oo

8n+l n6

=lim s
=l (n+1)° 8

8n+l n6
=lim|—-- 5
ol 8" (n+1)

._|8-8" ( n JG
=lim | —
el 81\ n+1

. |8 n o\
=lim|—-| —
ool \n+1

=8

=8 and 8 >1, the series 28—6 diverges by the Ratio Test.
n=2 n

an +1

an

Since lim

n—oo
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Example 4: Use the Ratio Test to determine whether the series converges or diverges.

> 6

n=1 n

Note that ZE has nonzero terms.
n=1

6
Let a,=—.
n

Gt _ fjm | —— =2
a,| "™=n+l n

lim

nN—oo

=liml—-—
n>oin+l 6

o 6(n+1)

=liml—
noo|n+1

=1

an +1

an

Since lim

n—o

=1, the Ratio Test is inconclusive for the series ZE )
n=1

i . 6 i i .
However, we can identify Z— as a multiple of the harmonic series. Therefore, we can
n=1

conclude that Z§ diverges by other means.
n=1
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Example 5: Use the Ratio Test to determine whether the series converges or diverges.

= 3
2

“~n"+
Note that Z has nonzero terms.
o n*+1
3
Let a, = )
" on*+1
a,. 3 3 |
lim|—=| = lim —
n—o an n—o (n+l) +1 n +1‘
. 3 n*+1
=lim —
el(n+l) +1 3
. n*+1
=lim|———
=l(n+1) +1
=1
Since lim | G =1, the Ratio Test is inconclusive for the series z
n—oo an n= 2” +1

%. Both series consist of positive
n=2 n2 N

terms, and the terms of z

: are less than the terms of Zi Since we know Z%
~int 4

n=2

IS a convergent p-series, we can conclude that Z% converges as well by the Direct
=n*+

Comparison Test.
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Example 6: Use the Ratio Test to determine whether the series converges or diverges.

o0 n

Note that zg—l has nonzero terms.
n=2

Let a, =—.
n!

an +1

an

) 9n+l gn
=lim +

li s
m = (n+1)! n!

nN—oo

9n+l n'
= (n+1)1 9"

9™ nl
=lim .
nwo| Q" (n +1)!

_"m9-9”. n!
S 9" (n+1)-n!

1

=M1 (e

n—oo

=] ©

=0

=0 and 0<1, the series Zg_, converges by the Ratio Test.
= n!

an +1

aﬂ

Since lim

n—oo
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Example 7: Use the Ratio Test to determine whether the series converges or diverges.

i(n—l)!

7
= N

> (n-1)!
Note that Z( - ) has nonzero terms.
n=1 n

lim (n+1-1)! +(n—l)!
== (n +1)7 n

7

. n! n’
=lim .

=l (n+1) (n-1)!

7

N—w® (n—.l)!'(n+1)7

 lim ”'(”‘1)!.( n j7

e (n=1)1 (n+1

. |In n Y
=lim|—| —
n%l(nﬂj

an +1

. & (n=-1)r .
= o0, the series Z( - ) diverges by the Ratio Test.
an

n=1 n

Since lim

n—oo

87



Example 8: Use the Ratio Test to determine whether the series converges or diverges.
© -9 n
3
=N

Note that Zn(_—gj has nonzero terms.
7

n=1

Let a, = n(_—gj .
7

oo ey

Neson 7n+l : 7n

i (n+1)n(;9)””' T
n—oo 7 n(_g)

N () R A

_n*}m (_g)n 7I’H—l n

() ) AL
we[ (o) 77" n

an +1

an

lim

nN—oo

. -9 1 n+1
—lim|—2. 2. 2
el 17 N
_3
-
a9 9 & (9Y :
Since lim | == and - >1, the series > n - diverges by the Ratio Test.
n—w an —
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Activity Sheet with Answers

Activity: Ratio Test Name:

Complete the following statements regarding the Ratio Test.

1. The series Zan must have nonzero terms.

2. 1f lim 2ot <1,then > a, converges.

n—o0 an
H a'n+1 H a‘n+1 i

3.If lim|—=2|>1 or lim|="/=00,then > a, diverges.
n—oo an n—oo an

4. 1If lim G =1, the Ratio Test is inconclusive.

n—oo a

5. Describe an advantage of using the Ratio Test instead of the Direct or Limit
Comparison Tests.

With the Ratio Test, we do not need to use an additional series to make a conclusion
about the given series. Both the Direct Comparison Test and Limit Comparison Test
require us to identify a series that is similar to the given series.

n!

(n-5)!"

n! n-(n-1)-(n-2)-(n-3)-(n—4)-(n-5)!

6. Simplify the following factorial expression:

(n—-5)! (n-5)!
=n-(n-1):(n-2)-(n-3)-(n-4)
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4n-3)!
7. Simplify the following factorial expression: ( )

(4n+2)1
(4n-3)! (4n—3)!
(4n+2)! - (4n+2)-(4n+1)-(4n)-(4n-1)-(4n—2)-(4n-3)!
1

(4n+2)-(4n+1)-(4n)-(4n-1)-(4n-2)

Determine whether each of the following series converges or diverges using the Ratio
Test.

8. in(n!)

n=1

Note that Zn(n!) has nonzero terms.
n=1

Let a, =n(n!).

| _ jim (n+1)(n+1)!
a, | "= (n)(n!)

_im n_+1_(n+1)!‘
Nl n!

lim

n—oo

.n!
_lim n+1.(n+1) n!
ol n!

. In+1 n+1
=lim— —=
n—oo n 1

=0

an +1

=0, the series ) n(n!) diverges by the Ratio Test.
an

n=1

Since lim

n—oo
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nZ
3n)!

9.3

n=1

(

Ee) n2
Note that h t .
ote tha ;(Bn)! as nonzero terms
2
Leta =
(3n)!
2 2
M I A G .
o=l | o= l(3n+3)! (3n)!‘
2
i (027 (30
e ((3n+3)! n’ \
| 2
| G0 (n+1) |
> (3n+3) n
 lim (3n): .(””T
~o|(3n+3)(3n+2)(3n+1)(3n) \ n
im 1 .(n+1T
>=|(3n+3)(3n+2)(3n+1) \ n
=0
o) 2
Since lim % =0 and 0<1, the series Z(; I converges by the Ratio Test.
n—o . o n)!
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o 2
10. Z:2n +3n
n=3

n

2. 2n%+3n

Note that

n=3

has nonzero terms.

n

2n?+3n
Let a, = .

n

_|2(n+1)"+3n+3 2n’+3n
=lim +

Nesoo 4n+l 4n

an+1

an

lim

n—oo

) 2(n+1)2+3n+3 4" |
= Ilm n+1 ’ 2
N 4 2n” +3n|

) 2(n+1)2+3n+3 4"
=lim 2 T
n—>0 2n°+3n 4

. 2(n+1)2+3n+3 4"
=lim 5 . -
n— 2n°+3n 4.4

. 2(n+1)2+3n+3 1
=lim ; L
n—e 2n°+3n 4

2n® +3n

n

an +1

an

1 0
:% and Z<1, the series '

n=3

Since lim

n—o

converges by the Ratio Test.
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11.§i(n—2)(%jn

n=3

Note that Z(n—z)(%j has nonzero terms.
n=3

7

Let a, :(n—Z)(g)n :

1)-2) (7" n
[ 2] i (1D -2)
Sl T T )
_ n+1 n
i (n 1)‘7 5
n>el(n-2) 7" 5™
im (n—l)‘7 A
>=|(n-2) 7" 5.5
= lim (n-1) r1
>=l(n-2) 1 5
!
5
a7 7 Lz 7 :
Since lim a”—” =z and §>1, the series Z(n—z) 5 diverges by the Ratio Test.
n—o \ o3

We could have also determined that i(n - 2)(9 diverges using the Direct

n=3

Comparison Test and comparing it to the divergent geometric series Z(gj . The Direct
n=3

Comparison Test may be preferable since we can quickly identify that for n >3

(9 < (n - 2)(9 and therefore conclude that i(n - 2)(9 diverges without having

n=3

an +1

an

to find lim

n—oo

using the Ratio Test.
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For each of the following, match the series with the method you would use to determine
convergence. Some series can be determined using more than one method. However, you
may list each method only once.

1

12. z C A. The n'"-Term Test for Divergence
Py n7
2 (n+2)! . .

13. Z( i ) F B. Geometric series
n=1 11

14. i g E C. p-series
~13"-9

15. 3in B D. Direct Comparison Test
n=1
=9n-2 . .

16. > A E. Limit Comparison Test
~ T7n+1
= 6 .

17. > = D F. Ratio Test
= n +1
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Guided Notes

Introduction to Sequences and Series Name:

Definitions

Sequence:

We use subscript notation to represent the terms of the sequence:

The n' term is denoted by :

The entire sequence is denoted by .

Series:

We can calculate partial sums as well as some infinite sums.

are denoted by S, , where the first m terms of the sequence are added.

m
Notation using sigma: S = Zan =a +a,+ta,+-+a,
n=1

If the limit L of a sequence exists as n goes to infinity, then the sequence to L.

If the limit of a sequence does not exist as n goes to infinity, then the sequence

n

Example 1: Write the first 5 terms of the sequence whose n'" term is a, = o
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Example 2: Find an expression for the n" term of the sequence 3, 7, 11, 15, ....

N |-

Example 3: Find an expression for the n'" term of the sequence 1, —

Example 4: Determine if the sequence converges or diverges by finding the limit, if

1
possible: a, = S_F'

Example 5: Determine if the sequence converges or diverges by finding the limit, if

possible: a, =cos(gj.
n

Example 6: Determine if the sequence converges or diverges by finding the limit, if
possible: a, =1+(-1)".
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Example 7: Determine if the sequence converges or diverges by finding the limit, if
possible: a, =sin(zn).

. . . 3n
Example 8: Find the partial sum S, given a, =7
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Activity Sheet

Activity: Introduction to Sequences and Series Name:

1. Classify each of the following as a sequence or a series.

1 111 4 8 16 32

Q) =, =, =y =y e b) —+—+—+——+
2 3 45 5 125 625 3125
1 2 6 24 3 3 3 3

C) =+t=—+=—+—+-- d—= — ——=, — ..
777 8 16 32 64

2. Create your own pattern for a sequence. Write the expression for the n'" term, using
correct notation. Then list the first five terms of your sequence.

3. For each of the following, write an expression for the n'" term of the sequence.

N 5 25 125 625 3125
33" 3 3 3
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c) 1 6,11 16, 21, ...

d)_g 6 24 120 720
’ 2401" 16807

7' 49’ 343

Find the first five terms of each of the following sequences. Then determine if the
sequence converges or diverges. If the sequence converges, find its limit.

4. 8,=2
3+n
5. a,=(-1)"n!
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7. Find the partial sum S, of the series —4+(—2)+(—§]+(—%)+
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Guided Notes

The n"-Term Test for Divergence Name:

Recall from previous lesson

Series:

We can calculate partial sums as well as some infinite sums.

m
Notation using sigma: S = Zan =a +a,+ta,+-+a,
n=1

Example 1: Consider the series 0+0+0+0+--- .

If we let a, represent the n'" term of this series, what is lima,?

n—oo

If we added infinitely many terms of this series, what do you think the sum would be?

Based on our answers above, do you think this series converges or diverges?

111111111
Example 2: Consider the series 1+ =+ —4+—4+—+—+—+—+—+—+---
2 2 3 3 3 4 4 4 4

If we let a, represent the n'" term of this series, what is lima,?

n—oo

If we added infinitely many terms of this series, what do you think the sum would be?

102



Based on our answers above, do you think this series converges or diverges?

Example 3: Consider the series 5+7+9+11+13+--- .

If we let a, represent the n'™ term of this series, what is lima, ?

n—oo

If we added infinitely many terms of this series, what do you think the sum would be?

Based on our answers above, do you think this series converges or diverges?

. 11111
Example 4: Consider the series —+—+—+—+—+---.
3 3 3 33

If we let a, represent the n'™ term of this series, what is lima,?

n—oo

If we added infinitely many terms of this series, what do you think the sum would be?

Based on our answers above, do you think this series converges or diverges?
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Based on our examples, what conclusion can we make regarding lima, and the
n—oo

convergence or divergence of a series?

This leads us to our first test to determine whether a series diverges.
Think about the following:

If a series converges, the limit of its n™ term must be 0.

That is, if > a, converges, then lima, =0,
=1 n—oo

It’s generally easier to determine the limit of the n' term than it is to determine whether a

series converges. Therefore, we will use the of the statement above.

The nt"-Term Test for Divergence

If lima, =0, then > a, diverges.

n—oo

Note: If lima, =0, we cannot make any conclusion about the series. Look back at

nN—o0

Example 1 and Example 2 to verify this.

Additionally, notice that when we express a sum as without , We always

mean , starting at a finite value of n. Since the series has

, the convergence or divergence of the series does not depend on the

. However, the will depend on the

initial value of n.
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For example, let’s look at Zan =a, +a, +Zan .Since a, and a, are
n=1 n=3

3a, if and only if 3 a,
n=3

Example 5: Use the n™-Term Test for Divergence to determine whether the series
diverges.

i5(1.23)”

n=0

Example 6: Use the n™-Term Test for Divergence to determine whether the series
diverges.

>

;
= n(n+8)
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Example 7: Use the n'™-Term Test for Divergence to determine whether the series
diverges.

i n

= 2n+3

Example 8: Use the n'™-Term Test for Divergence to determine whether the series
diverges.

0 n

n=1 nl
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Example 9: Use the n™-Term Test for Divergence to determine whether the series
diverges.

g
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Activity Sheet

Activity: The n®-Term Test for Divergence Name:

Determine if each of the following statements are True or False.

1.1f lima, =0, then > a, must converge.

n—oo

2.1f > a, diverges, then lima, =0.

3.1f > a, converges, then lima, =0.

nN—o0

4.1f lima, =0, then > a  must diverge.

nN—o0

5.1f lima, #0, then > a, must converge.

n—w

6. If lima, =0, then > a, must diverge.

n—oo

7.1f > a, diverges, then lima, #0.

8. If > a, converges, then lima, #0.

N—o0

Based on your results above, only statements and are true.

Therefore, if we can show that , then we can conclude that a series
using the n'™-Term Test for Divergence.

If we can show that , then the n™™-Term Test for Divergence is
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9. Use atable to find lima, given a, = ig . Round your answers to the nearest
n—o0

n+
hundred thousandth.
n 1 10 100 1,000 10,000 100,000
an
Based on your table, lima, = . What conclusion can we make about nig?
nN—o0 —+
|
10. Use a table to find lima, given a, :(n;ll)..
n—oo n
n 1 10 100 1,000 10,000 100,000
an
. _ (n+1)!
Based on your table, lima, = . What conclusion can we make about ZT ?

For each of the following, use algebraic techniques to find rI]im a,. Then apply the n'-

Term Test if possible.

z, 7n
11. ) ——
=3n-1
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o —3N+2
2.2 4n*-1

n=

N

“ —5n®+2n
14. e T——
Z 8n%+9n-1
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17. > (-1)’
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Guided Notes

Geometric Series Name:

Consider the series 3+§+§+§+i+--- )
2 4 8 16

What do you notice about the terms of this series?

Series consisting of terms with a constant ratio are called . The terms of

this type of series form a

In general, the series given by Zarn —a+ar+ar’+ar’+---+ar"+--- with a=0 and
n=0

r-0isa with r.

Example 1: Identify the ratio of the geometric series and write the series in sigma
notation.

5+10+20+40+80+---

Example 2: Identify the ratio of the geometric series and write the series in sigma
notation.

1 1

8§ 2 1
—+—+—+
5 5 10 40 160
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Example 3: Identify the ratio of the geometric series and write the series in sigma
notation.

1+(-3)+9+(—27)+81+---

Identifying the ratio of a geometric series is a crucial skill because the ratio determines
whether the series will converge or diverge. Let’s investigate this below.

You may remember from Algebra 2 that there is a formula for the sum of the terms of a

m
finite geometric sequence: Zarn = provided that
n=0

If r=1,then ) ar"=

n=0

We know that the value of an infinite series is the limit of its partial sums.
Using the formula above for r =1, we can represent the m™" partial sum as

. Now, let’s take the limit of this partial sum.

If we want this sequence of partial sums to converge, we want to find what values of r

will make exist.
If or , limr™ does not exist.
m—o0
When , and the sequence of partial sums
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So assuming |r| <1, we can find lim S .

m—oo

The other possibility from above was r =1 and S = Zarn =
n=0

In this case, limS_ = and therefore this geometric series would diverge.

m—oo

Thus a geometric series with ratio r if |r| <1 and will have the sum

iarn = .
n=0

e Notice that this characterization for the limit of the sum requires the value of the

index to start at . We will address how to calculate sums when the index
starts at other values in the examples to follow.

A geometric series with ratio r if [r|>1.

Example 4: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

27
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Example 5: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

iJE

n=1 8n
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Example 6: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

X
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Example 7: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

&)

o0

gl

n=0

Example 8: Determine whether the geometric series converges or diverges. If the series
converges, find the sum.

n

= e
2y
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Activity Sheet

Activity: Geometric Series

Name:

1. Determine if each of the following is a geometric series. If it is a geometric series,

write the series in summation notation.

a) 120+40+@+@+ﬂ+
3 9 27

C) 2+4+(-8)+16+(-32)+--

e) -1+7+63+215+511+---

g9) 1+4+9+16+25+---

b) 8+ (-3)+2+7+12+--

d) z+2°+ 2+ 2t + 720+

f) 10+§+125+625+3125+m
2 8 32 128

h) 1000+ (~250)+ 222 4 [ 122,125,
2 8 ) 32
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Determine if each of the following is a geometric series. If it is a geometric series,

identify the ratio r.

2 is(—gj

n=0

8

n!
4+3"

N

n=

w
1
o3

= 5n-1
9. ) ————
—=8n“—4n+2
11.

Z‘?n—Q
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12. A geometric series diverges if

13. A geometric series converges if

14. For a convergent geometric series, Zarn =
n=0

15. Describe two ways to calculate the sum of a convergent geometric series Z ar"
n=3

Determine whether each of the following geometric series converges or diverges. If the
series converges, find the sum.

© 1 n
16. » 4| =
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00

18. )

S
6n

n=1
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23. Write a geometric series in summation notation that converges to a sum of 6.
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Guided Notes

p-Series Name:

What pattern do you notice in the terms of this series?

What term does not seem to fit this pattern at first glance?

Can you verify that this term matches the pattern we notice?

Example 2: Consider the series 3+§+1+i+i+

9 64 125

What pattern do you notice in the terms of this series?

What terms do not seem to fit this pattern at first glance?

Can we verify that these terms match the pattern we notice?
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=1 1 1 1 1
A series of the form ) —=—+—+—+—+:-- isa where p is
nz_;‘np P TIETIT, — P
=1 11 11
Additionally, when , the series Z— =-+—+—+—+--- iscalled the
=n 1 2 3 4

The series in Example 1 and Example 2 are both p-series.

. 11 1 1
We can rewrite Example 1 as 1+ =+ =+ —+—+
4 9 16 25

where

It is important to notice that Example 2 has a numerator other than 1. However, we know
that infinite series are limits of finite sums. Based on properties of limits that we have
previously studied, we know we can factor constants out of limits. Therefore, we can also
factor constants out of infinite series.

D ka, =k> a, where k is a constant.
) )

Therefore, Example 2 can be rewritten as 3+§+—+—+i+~-- =
8 9 64 125

Example 3: Identify the value of p for the p-series and write the series in sigma notation.

1 1 1 1
=t + o
32 243 1024 3125
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Example 4: Identify the value of p for the p-series and write the series in sigma notation.

1+—+

N
V2 3

Example 5: Identify the value of p for the p-series and write the series in sigma notation.

Example 6: Identify the value of p for the p-series and write the series in sigma notation.

11 11 11 11

11+ + + + 4o
232 33 434 535
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Like finding the common ratio in a geometric series, identifying the value of p in a p-
series is a crucial skill because p determines whether the series will converge or diverge.

A p-series with p > 1 will
A p-serieswith 0 <p <1 will

Remember that p must be

Let’s investigate why the convergent and divergent statements above are true.
Remember that an infinite series is a sequence of partial sums. When we determine

whether Zip converges, we look at the sequence of partial sums.
n=1 n

Let’s begin by looking at the partial sums of Zip
n=1 n
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Think back to earlier in this course. When have we added up values of a function?

The partial sums we have listed above look different from Riemann sums since each term
is not being multiplied by Ax . However, if we let Ax =1, we can rewrite the partial sums
as follows:

Now, we can see that each of these partial sums can be interpreted as a

m
. o 1
Let’s look at Riemann sum approximations for I — dx.
X
1

A left Riemann sum approximation with Ax =1 would be:

1
!Fdxz
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This would correspond to the partial sum

We know that and thus f(x) = ip ! function on the interval
X

Left Riemann sum approximation [4].

Therefore, the left Riemann sum approximation is an of the integral.

Thatis, S, ;> _[ipdx.
X
1

For O< p<1,

. . 1
limS, ;> lim | —dx

m—oo m—oo 1 X

(-p+)

When 0< p<1, —p+1 is positive and therefore m grows without bound as

miP ey o . :
M—o00. Thus lim — is infinite. This implies that lim S, , is
m—o _p+1 _p+1 m—w

o0

and the sequence of partial sums . Thus, Zip
n=1 N
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For p=1,

m

limS, ;> lim ildx
m—o m—o 1 X
A m
=limIn|x|
m—o0o 1
= lim (In|m|-Inf1)
= lim (In|m|-0)
= 00,
Thus limS,_ , is and therefore the sequence of partial sums . Thus,
m—oo
v 1
= n’
A right Riemann sum approximation with Ax =1 would be:
m
1
I—pdx =~
1 X
This would correspond to the partial sum
We know that and thus f(x) = ip isa function on the interval
X

I S A e s e e =

Right Riemann sum approximation [4].
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Therefore, the right Riemann sum approximation is an of the integral.

. 1 i
Thatis, S, —1—p(1) g!

For p>1,

limS,, < lim [1%(1)4%0@

m—oo m—o 1

m

:l(l)+lim ipdx

1p m—molx
(-p1) "
=L (@)+1im
1° e —p+1)
=L @)+ 1im LU S
1° moo| —p+1 —p+1)

(-p+1) (-p+1)
Thus, lims, <= (1)+tim| ™ X |
m—co 1P m—o _p_|_l _p+1

(-p+1)

When p>1, —p+1 is negative and therefore m converges to 0 as M—o0. Thus

1 mCP P o , . -
—(1)+Ilim — . This implies that lim S_ . Since the limit
1P m—sco _p+1 _p+_']_ m—>o

. =1
of partial sums e

n=1 n
Therefore, zip converges when and diverges when
n1 N

We will usually assign p-series an initial index value of n=1, however the initial value
of the index can be any finite positive value. This will not affect the convergence of a p-
series.
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Using this information, we can determine whether the series in Examples 3 through 6
converge.

Example 3:
Example 4:
Example 5:

Example 6:

Example 7: Determine whether the p-series converges or diverges.

=1 1 1 1 1
Z 67 1+ o6/7 +36/7 +46/7 +56/7 e

Example 8: Determine whether the p-series converges or diverges.
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Example 9: Determine whether the p-series converges or diverges.

>

n=1

=3+—F—=+—F=+—F+—F4+

3.3.3
%%

D
| e

3 3
§3 5

Example 10: Determine whether the p-series converges or diverges.

Z§_83 @ §+@ @

&~y 23 4 5
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Activity Sheet

Activity: p-Series Name:

1. Determine if each of the following is a p-series. If it is, write the p-series in summation
notation.

®1ﬁ£%+jj+%rhé+“. M7+Z+Z+Z+Z+
27 3" 47 5 2 3 45

17 17

17 17 5 5\ 5\° 5\
c) 17+ + + + +... d) 7+7| = | +7| = | +7| = | +7| = | +--
) 232 333 434 535 )T+ (2j+ (2j+ (2j+ (2)+

) 1°+2°+3°+4° 45 4. fasse 2,1, 4

—_ 4 —F
2 27 16 125
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Identify p in each of the following p-series. Then, determine if the series converges or
diverges.

4. Write a p-series in summation notation with p = % and whose first term is 9.

5. Write a p-series in summation notation with p =6 and whose first term is 1.

Determine whether each of the following series converges or diverges. Use any method
we have studied.

6. Y or N 7.3 5(3)

9N n=2
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=3
Il
N
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0 0 4n
14. ) 16.2 15.
2 255

16. Complete the following chart.

General form of

. Series diverges if ... | Series converges if...
Series

The n'™-Term Test for
Divergence

Geometric Series

p-Series

17. The n'""-Term Test for Divergence can only determine that a series

18. We can calculate the sum of a convergent with an initial index value
of using the formula
. = 1
19.Ina in the form Zn— must be a
n=m
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Guided Notes

Direct Comparison Test Name:

Example 1: We are given the series z 21 I and asked to determine whether the series
Sn°+

converges or diverges. What methods might we try in order to answer this question?

1.

None of the methods we have studied so far is applicable to this particular series.

What if instead of matching a known series type exactly, we looked for a type that was
similar to the series we are working with?
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The series Z 21

=n +1

is similar to

0

What would we say is most similar to Z 21 1?
=n°+

What do we know about the series we wrote above?

Let’s list a few terms of the original series we were given and the new series we have
compared it to.

Let’s compare the two series term by term.

We can see that each term of the original series is the corresponding term
of the series we selected.

Additionally, we can compare the expression for the n' term for each series.

139



What do we notice about these expressions?

iz , What do you think this means about

Since we know that the series Z
n=1 N

our original series?

This leads us to the next convergence test we will study: the Direct Comparison Test.

Direct Comparison Test

Given two series »_a, and Y b, ,let 0<a, <b, foralln,
n=1 n=1

1. If > b, converges, then > a  converges.

n=1 n=1

2. If ian diverges, then ibn diverges.
n=1 n=1

To use this test, we must find a series similar to the series we are given. We should

choose a series that is either or since we can easily determine

whether these series converge or diverge.

140



Additionally, notice that this test requires both Zan and an to consist of positive
n=1 n=1

terms. This is an important condition to verify before applying the Direct Comparison
Test.

Let’s investigate why this condition is important. We will assume we only need @, <b, .
Let > a, = ZF and Y b, =Y =

n=1 n=1 n=1 na N

It is true that @, <b, for all terms since every a, is negative and every b, is positive. We

know that Z_—l since it is the negative of the and Ziz is a
n=1 n n=1 n
that . So even with a, <b_, when the terms of the series are not all

positive, we cannot use the convergence of an to determine the convergence of Z a, .
n=1 n=1

Also even with a, <b,, we cannot use divergence of Z a, to determine the divergence
n=1

0

of >'b,.

n=1

Therefore, we must be sure that we are working with series consisting of positive terms
when we apply this test.
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Example 2: Use the Direct Comparison Test to determine whether the series converges
or diverges.

=5
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Example 3: Use the Direct Comparison Test to determine whether the series converges
or diverges.

0 2n
2

~3"+5
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Example 4: Use the Direct Comparison Test to determine whether the series converges
or diverges.
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Example 5: Use the Direct Comparison Test to determine whether the series converges
or diverges.

- 1
L=

=14 N°+1
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Example 6: Use the Direct Comparison Test to determine whether the series converges
or diverges.

=1
;74/5—2
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Activity Sheet

Activity: Direct Comparison Test Name:

Determine if each of the following is similar to a geometric series or a p-series. Then
provide the series you would use with the Direct Comparison Test.

2 5"+ 2 © 1
. 2.
! Z;‘ 4" §3n3+1
o0 l o0 6n
32, “ 2T

Use the words “smaller” and “larger” to complete the following statements describing the
results of the Direct Comparison Test.

5. If the series converges, the series must also converge.

6. If the series diverges, the series must also diverge.
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Determine whether each of the following series converges or diverges using the Direct
Comparison Test.

< 2
7.

=14 N +12
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9. Given two series z a, and an with 0<a, <b,, describe two scenarios that are
n=1 n=1

inconclusive when using the Direct Comparison Test.

State the method you would use to determine the convergence of each of the following
series. You do not need to determine whether the series converges or diverges.

0 6 00
10. ), 11. 3
n=1 3 r.]3 n=1 5
0 2n e _
12. Y 13, Y Hn-8
3+ 7 ot on+7
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Guided Notes

Limit Comparison Test Name:

Example 1: We are given the series Z and asked to determine whether the series

= 6"-5
n=1
converges or diverges. What methods might we try in order to answer this question?

Note: Our instincts should lead us to the Direct Comparison Test, but let’s investigate the
other methods we have learned as well.

1.
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None of the methods we have studied so far is applicable to this particular series.

However, there is another test we can use to determine the convergence or divergence of
a series: The Limit Comparison Test.

As in the Direct Comparison Test, the Limit Comparison Test will require us to use a
series that is similar to the series we are given.
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Limit Comparison Test

Suppose that a, >0, b, >0, and Iim(ﬁj =L where L is finite and positive. Then the

n—o

two series > a, and > b, either both converge or both diverge.

Let’s take a look at the possibilities for L to see why L must be finite and positive in order
to apply the Limit Comparison Test.

Since we must begin with a, >0 and b, >0, we know that the limit of the ratio of these
terms must be nonnegative if the limit exists. Therefore, we know L >0.

Case l:IfLisa value, we can conclude that the limit of the ratio of

terms of is this same positive finite value. Therefore when we look far enough

out in the series, the terms of »"a, are about

So the partial sums for Zan converge if and only if

Likewise, the partial sums for Zan diverge if and only if

Case 2: If L =0 or the limit does not exist, the Limit Comparison Test is inconclusive.
The following examples demonstrates this.

< - 1 , : .
Let’s use the series E > and Zﬁ Both series consist of positive terms.
N+ n-1
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Now, find Iim[ﬁj.

Let’s change the labels and find lim [%j once again.

n—oo
n

We know by the (see Lesson 5) and we
know that is the which . So in these examples, when
or , one series converges while the other diverges.

Note: There are other examples where both series converge or both series diverge even
when L is not finite and positive.

To summarize, we have shown that we can only apply the Limit Comparison Test to two

series consisting of positive terms if the limit of the ratio of their terms is a
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Going back to Example 1, we can compare Z - to . When we were
n=1 -
trying to apply the Direct Comparison Test, we used as the comparison series
but were unable to apply the test because has smaller terms than Z 6”7 c
n=1 -

Since we do not need to decide what series has larger or smaller terms in order to use the
Limit Comparison Test, we will use the simpler version of the geometric series in the
comparison.

The series isa with and . Therefore,
Note that both the original series and new series consist of positive
terms.

Let’s apply the Limit Comparison Test.

nN—oo

Now, find Iim[ﬁj.

n
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What if we interchanged the labels before calculating the limit?

Find |im(3j.
n—w bn

Notice that it did not matter which series we labeled as » a, or »'b, . Both limits
produced positive, finite values.

When using the Limit Comparison Test, we can choose to label the given series as either
Zan or an . In some cases, we may find that changing how we label the series may

help us simplify the limit.

However, to be consistent in these notes, we will label the given seriesas > a, .
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Example 2: Use the Limit Comparison Test to determine whether the series converges or
diverges.

i 1

n=1 n+4
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Example 3: Use the Limit Comparison Test to determine whether the series converges or
diverges.

Z”: 3n°+5n-1
“~4An" +8n°+9
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Example 4: Use the Limit Comparison Test to determine whether the series converges or
diverges.

0 5n
2

—~2"+7
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Example 5: Use the Limit Comparison Test to determine whether the series converges or
diverges.

00 3!’1
Z:4” -1
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Activity Sheet

Activity: Limit Comparison Test Name:

n—oo

1. The Limit Comparison Test requires us to calculate Iim(ﬁj = L. What must be true

n

about L in order to be able to apply this test?

Determine whether each of the following series converge or diverge using the Limit
Comparison Test.

= 5
2.243

=1y N’ +8
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8" +4
13"+7

{2

n
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© 8n°+3n—7
4. Y T2
nzzll 9n®-2n

5. When asked to determine if a series converges or diverges, what would lead you to try
the Limit Comparison Test rather than other methods?
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Let’s assume @, >0 and b, > 0. You have done the work to calculate the following

limits. If you arrived at each of the following conclusions, would you be able to apply the
Limit Comparison Test? Why or why not?

6. |im($j:oo
n—oo bn

8. |im[ﬁJ=1
n—oo bn
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Guided Notes

Ratio Test Name:

Example 1: We are given the series Zsin and asked to determine whether the series

n=1

converges or diverges. What methods might we try in order to answer this question?

1.
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None of the methods we have studied so far is applicable to this particular series.

However, there is another test we can use to determine the convergence or divergence of
a series: The Ratio Test.

The Ratio Test is useful since we do not need to compare the given series to another
series. We only need to use the given series and the expression for its terms. We can also
use the Ratio Test for series with negative terms.

Ratio Test

Let > a, be a series with nonzero terms.

. .. la
4. Theseries » a, converges if lim|—"/<1.
n—o an

. . R F- W la

5. The series D> a, diverges if lim|—"/>1 or lim|—22 =0,
n-wo| g n—o0 an

: . o ay, _la, ., :

6. The Ratio Test is inconclusive if lim|—2{ =1 or lim|—| does not exist.
N—o0 an n—o0 a‘n

The absolute values are important, especially for series with some positive terms and
some negative terms, but where the positive and negative values do not alternate from
one term to the next. In a case such as this, the limit of the ratio of successive terms with
the absolute value would exist, but the limit without the absolute value would not exist.
We will not investigate a case such as this in the notes but interested students can ask to
see an example later.
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&l Unlike the Limit Comparison Test, we
an

The Ratio Test requires us to find lim

nN—oo

cannot calculate the limit of the reciprocal and arrive at the same conclusion. For

an

an +1

an +1

a‘n

example, if lim

N—o0

=5, then lim

nN—oo

= % This would lead to two different

conclusions using the Ratio Test.

0

Let’s apply the Ratio Test to the series in Example 1: zin .
n=1
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Example 2: Use the Ratio Test to determine whether the series converges or diverges.

2(3)
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Example 3: Use the Ratio Test to determine whether the series converges or diverges.

169



Example 4: Use the Ratio Test to determine whether the series converges or diverges.
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Example 5: Use the Ratio Test to determine whether the series converges or diverges.

= 3
2

N+
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Example 6: Use the Ratio Test to determine whether the series converges or diverges.
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Example 7: Use the Ratio Test to determine whether the series converges or diverges.

n=1 n
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Example 8: Use the Ratio Test to determine whether the series converges or diverges.
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Activity Sheet

Activity: Ratio Test Name:

Complete the following statements regarding the Ratio Test.

1. The series D a, must have terms.

2. If lim|—2| <1, then > a,

n—o

an +1

an

us

3.1f lim[22|>1 or lim

n—oo a n—oo

=oo,then > a

4. 1F lim|2net| =1

n—o0 a

5. Describe an advantage of using the Ratio Test instead of the Direct or Limit
Comparison Tests.

6. Simplify the following factorial expression:
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L : : . (4n-3)!
7. Simplify the following factorial expression: >——~.
(4n+2)!

Determine whether each of the following series converges or diverges using the Ratio
Test.

8. in(n!)

n=1
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2n?+3n

0.y

n=3

178



11. é(n—z)(gn
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For each of the following, match the series with the method you would use to determine
convergence. Some series can be determined using more than one method. However, you
may list each method only once.

=1 .
12. Z A. The n'"-Term Test for Divergence
n=1 § n7
2 (n+2)!
13. z( ) B. Geometric series
11
n=1
14 i g C. p-series
C4413"-9 '
15. Z;in D. Direct Comparison Test
n=1
16. > on-—2 E. Limit Comparison Test
2 n+1
7.3 0 F. Ratio Test
~n’+1
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