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Introduction

Group rings are a special class of rings. They are built by combining two of the most
important structures in Algebra: groups and commutative rings. Interestingly, the
resultant group rings are not necessarily commutative. So group rings provide an
additional example of noncommutative rings outside of the usual example of matrix
rings. Further, we’ll see that group rings can be viewed as modules over the component
ring, with an additional way to multiply elements of the module. In particular, if the ring
is a field, its group rings can be viewed as vector spaces over the field, with the additional
multiplicative operation. This paper will provide an overview of group rings, explore
conditions under which group rings have zero divisors, and discuss ways to view group

rings in terms of simple components.

Section 1. Basic Definitions and Properties

We begin our exploration of group rings by looking at some useful facts about group
rings. These properties will not only provide some support for some of the later theorems,
but also show that group rings are different enough from generic rings to make them
worth studying. Throughout this paper we assume that all rings are commutative with

1+ 0. We begin with the definition of group ring.

Definition 1.1. Let R be aring, and let G = {gl,..., gn} be a finite group whose operation
is written multiplicatively. Then the group ring of G with coefficients in R is the set of all
formal sums:

RG={a0,+a,0,++a,0,:8 eR for1<i<n},

with operations as defined below. This definition is extended to group rings of infinite



groups by only considering finite sums (i.e., sums in which only finitely many
coefficients are nonzero). The ordering of terms in the sum is irrelevant. So two elements
of a group ring are considered equal if and only if the coefficients of each group element

are equal. That is, if a,g, +a,9, +---+a,g, and bg, +b,g, +---+b,g, are elements of
RG, then a9, +a,9,+:--+a,9, =b0, +b,9, +---+b,g, ifand only if a, =b, foreachi

between 1 and n. Based on the context, we will usually write elements of RG as Zaigi :

representing the element Zaigi . Similarly, we may write an element as Zaxx , and
i=1 xeG

again without the index as Zaxx.
Addition is defined componentwise:

(a'lgl"'azgz+"'+angn)+(blg1+bzgz+"'+bngn)
=(a,+b)0,+(a,+b,)g, +-+(a, +b,)g,.

Thatis, (> a0,)+(D bg )= (a+b)g,.
Multiplication is defined by
(a0, +8,0, ++2,0,) (B9, +b,9, +++-+D,0,) =g, +C,9, +++++C, 7,

where ¢, , the coefficient of g, , is zg_g_:g ab; . That s,

k=11 0i9;=0«

(Za0)(Z09)- 3 T w0 o



Since elements of RG are finite sums, this characterization of multiplication is valid

even in the case that G is an infinite group.

Proposition 1.1. With the operations defined above, RG is a ring with unity.

Proof: First, we show that (RG,+) is an abelian group. It is easy to check that ZOg is
the additive identity. It is also clear that for an element Zagg , the additive inverse is
>"(~a,) g . The remaining group properties for RG are inherited from the ring R. As an

example, we check the associativity of addition in RG . Let > a,g, > b,g,and > c,g

geG geG geG

be elements of RG . Then, since addition is associative in R,

(Za 9+ Yb g]+zc 9= (a,+0,)g+ 3,0

geG geG geG geG geG
a +b
geG( +6,)9
(ag+ b +¢, )
geG
=>a,g+ > (b, +¢,)g
geG geG
:Zagng(ZbgngZng]’
geG geG geG

and hence addition is associative in RG .

The associativity of multiplication likewise follows from the corresponding properties in

the ring R and the group G.



Note that for any i and k, there is a unique j with g;g; = g, . By the definition of addition

in RG, and because addition is commutative and associative in RG, for any Zaigi and

3'b,g, in RG,

(Zaigi)(ijgj%i{ 2 aibj]gk = (ab;)gig; -

k=1\ 9i9;=0« (N

Notice that for a particular pair (i, j), the definition of multiplication in RG implies that

(aibj )(gigj ) =(aigi)(bjgj). Therefore,

(Zaigi)(zbjgj):%(aibj)gigj :Z(aigi)(bjgj)'

(i.9)
It is now straightforward to check the distributive properties in RG .

The unity element of RG is 1.1, since for every Zaxx € RG we have

Ll (Dax)=>(1a) (1 x) =D ax=>(al)(X)=(D ax)ll;. ®

Example. If G=D, = <s, ris?=r*=1rs= sr3> is the dihedral group of order 8, and

R=7,then a =3r-2sr? and B =2s+sr’ are elements of ZD,. Then

a+pB=3r+(-2+1)sr* +2s
=3r—-sr’+2s
and



aff =(3r—2sr”)(2s+sr?)
=6rs+3rsr? —4sr’s—2sr?sr?
=6sr’+3sr—4r’ -2.1..

In the case where F is a field, an alternate characterization of the group ring FG is as an
F-vector space with basis G and the additional multiplicative operation defined above. As
we have already seen, FG is an additive abelian group. The remaining parts of the

definition of vector space are straightforward to verify.

There are a few quick facts worth pointing out regarding group rings. Note that we can

identify the ring R with the subring {rl; :r € R} of RG using the injective ring
homomorphism ¢:R — RG by ¢(r)=rl;. Also, we can identify the group G with the
subgroup {1g:g € G} of (RG)’, the multiplicative group of invertible elements in RG,

using the injective group homomorphism y :G —(RG)" by v (g9)=1:9.

In addition to the group G and the ring R both residing within the group ring RG, group

rings also inherit some other properties from the group and the ring.

Proposition 1.2. Let G be a group and R be aring. Then RG is a commutative ring if

and only if G is abelian.

Proof: First suppose that RG is a commutative ring. Then G is abelian as a corollary to

the fact that G <(RG)".

Now, suppose that G is abelian, and let > a,g,>_bh e RG. Then, since Ris a

geG heG

commutative ring,



and hence RG is a commutative ring. B

The next proposition is straightforward to check, but shows that subrings of the ring R
and subgroups of the group G translate into subrings of the group ring RG as one would

expect.

Proposition 1.3. Let G be a group and let R be a ring.
(i) If Sisasubring of R, then SG is a subring of RG ; and
(i) If H<G,then RH isasubring of RG.

Note that if 15 is the identity in G, then for every ae R we write al; as a. If 1; is the

identity in R, we write 1,9 as g for every g € G. In particular, we simply write 1.1, as

1.

The following propositions show that group rings of finite groups truly differ from
arbitrary rings in the general sense. In particular, most group rings have nontrivial centers

and, in the case that the ring is a field, group rings have maximal ideals.

Proposition 1.4. Let G be a group with a nontrivial finite normal subgroup H, and let R

be aring. Then RG has a nontrivial center; specifically, 7 = ZheH h is in the center of

the group ring RG . In particular, if G is finite, then G is a nontrivial finite normal

subgroup of itself, and hence RG has nontrivial center.



Proof: Since H <G, gH =Hg forevery g eG. Since n is the sum of all of the
elements of H, for every g € G, g7 is the sum of all of the elements of gH . Similarly,

ng is the sum of all of the elements of Hg . Since gH = Hg, it follows that gn =7g.

That is, n commutes with every element of G. Now let Zagg € RG . Then

(Zaqg)(”) (aggn)

by
> (a,n9)
(’7)(2%9)-

Thus, = Z h is in the center of RG. B
heH
Definition 1.2. Let Rbe aring and let G = {gl,..., gn} be a finite group. Then the map

f:RG—>R by f(D ag)=>a is called the augmentation map. Proposition 1.5

shows that this map is a homomorphism. Its kernel is called the augmentation ideal of
RG.

Proposition 1.5. Let R be aring and letG = {gl,..., gn} be a finite group. Then the

augmentation map is a homomorphism. Also, the augmentation ideal is generated by

{g9-1:9 eGj}. Further, if R is a field then the augmentation ideal is maximal.

Proof: Let f:RG — R be the augmentation map. Let x=>) ag;, and y=>) b,g; be

elements of RG. Then

f(x+y)=f(3(a+b)g )= (a+b)=Da+> b ="F(x)+f(y).

Also, using the fact that f preserves sums,



f(xy)=f (Z(aibi)gigjjz%aibj =(>a)(Xb)=f(x)f(y).

The augmentation ideal is 1 ={)"ag,eRG: Y a =0}. Let I,=(g—1:g €G). Suppose
that xel. If x=>) ag;,then x=x—->"a => a(g,~1). So xel,. On the other hand,
note that for every geG, f(g-1)=f(139-11;)=1,-1,=0.So g—1e| forevery

geG.Thus, | =1, and the augmentation ideal is generated by {g—1:9eG}.

The augmentation map is clearly onto, so RG/I = R. So if R is a field, then the quotient

RG/I is a field, and thus | must be maximal [2, p. 224]. &

Section 2. Zero Divisors

We’ve already seen conditions under which a group ring is commutative. Taking our
investigation a step further, we can try to decide whether a group ring has zero divisors,
which will help in classifying group rings in the hierarchy of ring structures. For
example, in the case that the group ring is commutative and has no zero divisors, the

group ring is an integral domain.
Recall that a group element is called a torsion element when its order is finite.
Proposition 2.1. Let G be any group containing a torsion element g, and let R be a ring.

Then the group ring RG has zero divisors. So in particular, if G is a finite group, then the

group ring RG has zero divisors.



Proof. Set m= ord(g). Then1-g and 1+ g +---+g™" are nonzero elements of RG,

and (1-g)(1+g+--+g"")=1-¢" =1-1=0.1

Whether a group ring RG must have zero divisors when G is infinite and torsion-free is
an open problem. The current conjecture is that G is torsion-free if and only if RG has
no zero divisors. When R is a field, we know the conjecture to be true in the case of
abelian groups, free groups, and supersolvable groups [4, p. 174]. Proposition 2.2 shows

the conjecture is true in the special case where G is an abelian group and R is a field.

Proposition 2.2. Let G be an abelian group and let F be a field. Then G is torsion-free if

and only if FG has no zero divisors.
Proof. The backwards direction follows from Proposition 2.1.

For the forwards direction, suppose that G is torsion-free and let «, f € FG be such that
af3 =0. Since there are only finitely many group elements with nonzero coefficients in

each of the group ring elements, there is a finitely generated subgroup H of G such that

FH contains « and g . By the Fundamental Theorem of Finitely Generated Abelian

Groups, H is the direct product of cyclic groups (x,),...,(X, ). Since G is torsion-free,
each (x;) is infinite. Then FH is contained in F(x,,...,X, ), the quotient field of the
polynomial ring F[x,,...,X,]. Since F(x,,...,x,) isafield, FH isan integral domain.

Hence, =0 or =0, s0 FG has no zero divisors. &

There is a related result that sheds some additional light on the zero divisor problem, but

first we need a definition.

Definition 2.1. A ring R is said to be prime if for all «, f € R, aRS =0 implies that
a=0or g=0.



Theorem 2.3. Let F be a field and let G be a group. Then G has a nontrivial finite normal

subgroup if and only if FG is not a prime ring.

Proof (part 1). The forward direction is fairly simple, while the reverse direction will

require some work.

First, suppose that H = {hl,...,hn} is a nontrivial finite normal subgroup of G. Let

a =h +---+h. . Since multiplication by elements of H is a bijection from H to H, it

follows that har =« for every he H. So

a’ =(h1+---+hn)a':hla+---+hna:na.
Now let f=nl-a.Then o =a(nl)—a’=na—na=0.

By Proposition 1.4, we know that « is a central element of FG . Thus for any ue FG,

we have auf =uafB =u0=0, and hence a(FG) S =0. Since a and g are clearly

nonzero, FG is not a prime ring. This concludes the proof of the forwards direction of
Theorem 2.3. &

The reverse direction of the proof will require a bit more work. We start with some

definitions and necessary lemmas.

Definition 2.2. Let G be a group. We define

A(G)={xeG:x has only finitely many conjugates in G}
and

A" (G)= {x eG:xeA(G) and x has finite order} .

So A"(G) is the set of torsion elements in A(G). Hence, A" (G)< A(G). When there is

10



no ambiguity of the group G, we will abbreviate the notation of these two subsets as

simply A and A”.

It is well known that the number of conjugates of a group element x is equal to the index

of the centralizer of x in the group, [G :Cq (x)] Hence, an alternate characterization of

the subgroup A is the set of all xeG such that [G :Cq (x)] <.

Recall that the commutator subgroup of agroup His H'= <x‘1y‘1xy X, yeH > . The

commutator subgroup is normal in H, and the quotient H/H " is abelian [2, p. 90].

Lemma 2.4. Let G be a group. Then
(i) A and A" are normal subgroups of G;
(i) A/A" is torsion-free abelian; and

(iii) A" is nontrivial if and only if G has a nontrivial finite normal subgroup.

Proof. For the proof of (i), itis clear that 1e A. Let Xxe A and geG. Then
ox'gt= (gxg ’1)_1, and is hence an inverse of one of the finitely many conjugates of x.

Thus, there are only finitely many conjugates of x™*,so x™* € A.

Let yeA.Then gxyg™ =gxg "gyg ™, a product of a conjugate of x with a conjugate of

y. Since there are only finitely many such conjugates, xy € A and hence A<G.

Lastly, gxg™ is one of the finitely many conjugates of x, and so has only finitely many

conjugates itself. Hence, gxg™ €A, and A is a normal subgroup of G.

11



Suppose further that x and y have finite order, so x,y € A". We’ve already shown that

x*, xy, and any conjugate of x are elements of A. So to complete the proof that A* is a

normal subgroup of G, we need only to show that these elements have finite order. Since
ord(x)=ord(x™), x* € A". Also, since ord(gxg™*)=ord(x), gxg ™ A"

It remains to show that xy has finite order. Consider H = <x, y> . Since H is a finitely
generated subgroup of A, we see that the set H, of torsion elements of H is a finite
subgroup of H [5, p. 116]. But since H, contains the generators of H, we have H, =H ,

and so xy is a torsion element. Thus we can conclude that A™ is a normal subgroup of G,

and hence of A.

For (ii), since A" is a normal subgroup of A, and A" consists of those elements of A of

finite order, A/A" is torsion-free. To show that A/A* is abelian, let x,y € A. Then
(x,y) is afinitely generated subgroup of A, and so (x,y)" is finite [5, p. 116]. So
Xty txy =(yx)_1(xy) has finite order. That is, (yx)‘1 (xy) e A", which implies that

(xy)A" =(yx)A*, sothat A/A" is abelian.

For (iii), we’ll start with the forward direction by supposing that A™ # (l) .Solet 5 e A"

be nontrivial. Consider D =(&,6,,...,6,), where &,6,,...,6, are the finitely many G-
conjugates of & . As above, since D is a finitely generated subgroup of A, we know that
|D | is finite. Also, D/D" is finitely generated by elements of finite order. Since D/D" is
abelian, it follows that |[D/D'| must be finite. Since |D|=|D/D'||D’|, we see that |D| is

also finite. So D is nontrivial and finite, and it remains to show that D is closed under

conjugation.

Let xeG and d e D. Forsome meN, «,,...,, €Z,and d,,...,d, €{6,6,,....6,},

n

12



xdx* = xd,“d,* ---d _“"x
= xd,“x'xd,2x - xd_mx7

- (xdlx‘l)a1 (xdzx‘l)“2 ...(xdmx‘l)am :

Since each d, is a conjugate of &, then each xd,x™* is a conjugate of & and thus is one

of the generators of D. Hence, the entire product is in D, so xdx ™" e D and thus D <G.

So G has a nontrivial finite normal subgroup.

For the reverse direction of (iii), suppose that A™ = (1) . Let H be a finite normal subgroup

of G and let he H . Then for every xeG, xhx™ e H , and since H is finite, h has only

finitely many G-conjugates. Also, since H is finite, ord(h) is finite. Hence he A", so

h=1 and thus H is trivial. &

Lemma 2.5. Let G be a group and let H,,..., H be a finite collection of subgroups of G.
(i) If [G:H,]<o foralli,then [G:NH,]<x.
(if) If G is the union of finitely many right cosets of the subgroups H., then

[G:H,] <o forsomei.

The proof of this lemma is not difficult, and the details can be found in [5, p. 115, 120].

For an element o € FG, we define the support of « , denoted Supp « , as the set of all
group elements whose coefficients are nonzero in the expression o = Zaxx. By

definition of FG, there can only be finitely many such group elements, and hence

Supp « is a finite subset of G. Also, note that this subset is empty if and only if & =0.

We now proceed with the remainder of the proof of Theorem 2.3.

13



Proof of Theorem 2.3 (part 2). Suppose that FG is not a prime ring, and let «, 5 € FG
be nonzero such that o(FG) 8 =0. We begin by separating « and g into A
components and G—A components. That is, a =, +¢, and g = 5, + f,, where

Supp e, and Supp 3, are subsets of A and Suppe, and Supp g, are subsets of G—A.
Let xeSuppa and y e Supp 8. Note that (x'a)(FG)(By™)=0, s0 1eSupp(xa)
and 1e Supp(ﬂy‘l). Thus, without loss of generality, we can assume that 1 Supp« and

1eSupp S. In particular, since 1€ A, we know that ¢, and f, are nonzero. We now

show that o, /3, =0.

Suppose that o, f, = 0. Recall that for any x,y € G, conjugates of xy are products of
conjugates of x and y. So since Supp«, and Supp 3, are subsets of A, it follows that
Supp (e, ) = A, and since Supp 4, < G- A, it follows that Supp(e,3,) = G—A. Then
o, =a,f, +a,f isnot zero since a,f, =0 and there is no overlap in the group

elements in the expressions for «, /4, and «,f, .

Fix z eSupp(e,f3) . For any a eSuppe, we know that a € A and hence [G:CG(a)] is

finite. Let

H= () Cs(a).

aeSuppa,

By Lemma 2.5, [G:H]<oo. Let he H . Then for every aeSuppe,, h™ah=a. Hence,

h™a,h =, Then, since «(FG) £ =0 and thus ahp =0,
0=h"ahpg = h"l(ozO +0:1)h,8 =h"a,hf+h"ahB=a,f+h"ahp.

In particular, —,8 =h"a;h . Since z €Supp(e,f3), it is clear that z € Supp(—,B), s0

14



that z  Supp(h™eh3). So if Suppay ={X,,....%,} and Supp B ={y,,.... y,.} , then
z=h7xhy, forsome ie{l,...,n} and je{1,...,m}. Inother words, zy,” =h™'xh, and

thus x; is conjugate to zy,™ in G.

Although H may be infinite, there are only finitely many pairs (xi VY ) , and thus only
finitely many (i, j), such that x; is conjugate to zyjfl. So we can choose (finitely many)
g;; €G suchthat g;,'xg;; =2y, . So foreach he H , there exist (i, j) such that
h™*xh=g,,7'%0;,s0 (hgij‘l)fl % (hg;; ") =X Thatis, hg,; ™ €Cq (). Thus for every

heH there exists (i, j) suchthat heCy(x)g;;, sothat H = JCs (%) g;; - But
]

[G ‘H ] < o0, s0 the number of (right) cosets of H is finite. So G is a finite union of cosets

of H, with representatives w;,...,w, : G =| JHw, . Thus, G = [ J C; (X ) g;;w, is a finite
k

i,jk
union of cosets of the subgroups Cg (xi) , and Lemma 2.5 allows us to conclude that for
some i, [G:Cq () | <. But this implies that x, € A, which contradicts the fact that

X, €Suppe,. Thus, ,5,=0.

So we have ¢,f, =0 with «, and £, nonzero elements of FA. Thatis, FA has
nontrivial zero divisors, so that A cannot be a torsion-free abelian group by Proposition
2.2. By Lemma 2.4(ii), however, A/A" is a torsion-free abelian group. It follows that A*

is nontrivial, and so by Lemma 2.4(iii), G has a nontrivial finite normal subgroup. B
The relation of Theorem 2.3 to the zero divisor problem is further shown in a corollary.

Corollary 2.6. Let G be a torsion-free group and F be a field. Then FG has zero divisors

if and only if FG has nonzero elements whose squares are zero.

15



Proof. The backward direction is simple, for if a e FG is nonzero such that a*> =0, then

a is a zero divisor.

The forward direction isn’t much harder. Let a,b € FG be nonzero such that ab=0.
Since G is torsion-free, G cannot have a nontrivial finite normal subgroup, so Theorem

2.3 implies that FG is prime. So b(FG)a = 0. However, since ab =0, for every

a eFG, (baa)(baa)=ba(ab)ab=0. This implies that every element of b(FG)a has

square zero. B

Section 3. Semisimplicity

The question of semisimplicity in group rings is also an important area of interest. Much
of our focus will be on group rings where the ring is the field C of complex numbers.
First, we present a more general result pertaining to group rings where the ring is any
field of characteristic 0. Some of the following proofs will require not only the tools of

Algebra, but also the tools of Analysis. Again, we need some definitions.

Definition 3.1. Let R be aring and let U be an R-module. Then:
e Uissimple if U =0 and U has no proper nonzero submodules;
e U is semisimple if it is a direct sum of simple modules; and
e U is injective if whenever U is a submodule of an R-module V, then V has a
submodule W such that V =U @&W .

We will be working with left modules. The results, however, are analogous for right

modules. If G is a finite group and F is a field, the following theorem provides the

condition under which every FG-module is injective.

16



Theorem 3.1 (Maschke). Let G be a finite group and let F be a field with char(F) 1 |G| :

If Vis any FG-module and U is any submodule of V, then V has a submodule W such that
V=U&W.

Proof. Let V be an FG-module and let U be a submodule of V. We will construct an FG-

module homomorphism 7 :V —U satisfying the following:

(i) z(u)=u forevery ueU ;and

(i) z(z(v))=7(v) forevery veV (sothat z° =r).

Assuming we have such a homomorphism, set W =ker . Then W is a submodule of V.

If veU W, then v=7(v) since veU and z(v)=0 since veW.So U "W =0. If
veV , write v:n(v)+(v—7z(v)) .We have 7(v)eU and v—7(v)eW , since

7z(v—7z(v)):7z(v)—7z2 (v)=7(v)—z(v)=0.Hence veU +W,and thus V =U ®W .

We now show the existence of such a function =z . First note that V is an F-vector space,

and U is an F-vector subspace of V. Start with an F-basis 5, of U. Extend this to a basis

B of V containing B,. Then W, =span(B\ 1)) is the F-complement of U in V. But W, is

not necessarily an FG-submodule in its own right.

Nonetheless, every element of V can be expressed uniquely as the sum of an element in U

and an element in W, . So we can define 7,:V —U by 7, (u+w)=u forevery ueU
and weW,. For each aeG, define 4,:V -V by 4,(v)=a-v. Note that each 4, is F-
linear and that for every aeG, 4_, = A, Then for each a, 4, o7, °oA .V >V isa
map given by (4, °7,° 4, . )(v)=az,(a"v). Since 7z, maps V to U, and U is stable

under the action of G, the image of 4, cz,°4_, isinU. Since 4., =,,and 4_, are F-

a’!

linear, 4, 07,4 . isan F-linear transformation. Further, if ueU , then a'ueU,so

17



7o(a’u)=a"u. Thatis, forevery ueU,
(Aaomooi. )(u)=ar,(au)=aa"u=u.

Now let n=|G|=|G|-1; asan element of F. Since char(F){ n, we know n is nonzero,

and hence n has an inverse in F. We now define the map z:V —U by

z(V) :EZ(% o 1T, oﬂ,a,l)(v).

n aeG

Then 7 is a linear combination of F-linear transformations, and so is F-linear. If ueU ,
then

m(u)= L Z(ﬂaoﬂooﬂa,1)(u)=1nu =u.

H(:leG n
Also, if veV , then z(v)eU , and so 7° (v)=7z(7r(v))=7z(v).

All that is left to show is that 7 is in fact an FG-module homomorphism. We note that

forevery heG and veV,

2/1 o(mpo A )(hv)

aeG

=—Zh( a)m((a”h)v)

aeG

- z hA, (71'00}b )( )

r]kh a
aeG

—h_ Z Ao (72'00/1 )( )

nkh a
aeG

=hz(v).
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The additive aspect of the homomorphism follows from the fact that 7 is F-linear, and

thus 7 is an FG-module homomorphism. Bl

Note that if char(F) =0, then Theorem 3.1 applies to any finite group. Also, by

Wedderburn’s Theorem, FG is semisimple since Theorem 3.1 implies that every FG-
module is injective [2, p. 820].

The remainder of our focus will be on group rings with coefficients in C. Complex group
rings are relatively accessible while remaining interesting. The tools of Analysis will
finally come into play as we explore a slightly different, yet closely related, version of

semisimplicity known as Jacobson semisimplicity.

Definition 3.2. Let R be a ring. Then the Jacobson radical of R, denoted J (R) is the

intersection of all maximal ideals of R. The ring R is called Jacobson semisimple when

3(R)=0.

Jacobson semisimplicity is closely related to the usual semisimplicity through a theorem
that says a ring R is (left) semisimple if and only if it is (left) artinian and J(R)=0
[6, p. 555]. Recall that a ring R is (left) artinian if every descending chain of (left) ideals

ILol, 21, > terminates—so there is some n>1 such that forall m>n, I =1

m n-*

Before looking at results that are specific for group rings, there is an alternate

characterization of J (R) for any ring with unity, which we will find useful.

Lemma 3.2. Let R be a ring with unity. Then

J(R)={xeR:1-rx isinvertible for all r e R} .
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Proof: Let x € R such that 1—rx is not a unit for some r e R. Let M be a maximal ideal

of Rwith 1-rxe M. Since 1¢ M, we have rx¢ M . Since J(R)=M, rx¢ J(R), and

hence x ¢ J(R).

Now, let xe R\ J(R). So there is a maximal ideal M of R with x¢ M . So R=(M,x).

So 1=y-+rx forsome ye M . Since 1-rx=y, 1-rxeM . Thus 1-rx is not a unit.

That is, xe R such that 1—rx is not a unit forsome reR.

By double inclusion, J(R)={xeR:1-rx isinvertible forallr e R}. W

We’ll need a few more definitions and lemmas before we can discuss semisimplicity of

complex group rings.

Definition 3.3. Let G be a group, and let 5=>"d,x be in CG. Define |5| by

o1 =2/d.].
where |d,|= \Jd.d_ is the usual absolute value (modulus) on C.

Lemma 3.3. Let G be a group. Then forall «, € CG,

(i) |a+B/<|a|+|pl;
(ii) |ap|<|a||B|; and
(iii) |a"|<|a|" forevery neN.

Proof. Let G be a group, and let &, € CG . Write «=>"a,x and Z=> b y. Then:

20



(i) |a+p8|= J+2[by|=lal+|A-

= XZ_;(ax+by)x =

(if) Using part (i), we see that

xy‘

1 Za(E0)[Z (a0)0] <

But since the modulus operator is multiplicative in C,

by |= (L) (b, ) =lerll ]

(xy) (X,v

and hence |a|<|a||f)|.

a" || by (ii), an inductive argument shows that

a"*la‘ <

Definition 3.4. For an element o e CG where « = Zaxx, define the * operator by

where @, denotes the complex conjugate of a, .

Example. Let G=27, = <x> be the cyclic group of order 8, and consider the element

:ix2+(2+3i)x5 in CG. Then a*:(—i)X6+(2—3i)X3
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Proposition 3.4. Let G be a group. The * operator defined above has the following

properties for every o = Zaxx and g = Zbyy in CG, and for every zeC:

_
<
~

Qﬂ
~
I
—_
Q

*
—s
—r
o
=
D
<
D
=
<
>
m
2

Proof. Property (i) follows readily from the fact that complex conjugation respects
addition. Property (ii) follows from the fact that complex conjugation respects

multiplication. Property (iii) also follows from the fact that complex conjugation respects
multiplication, along with the fact that for group elements x and vy, (xy)_l =y 'x*.
Property (iv) is an immediate consequence of property (iii) using an induction argument,

since (a”)* = (a”*la)* =a (a”*l)* .

Definition 3.5. Let G be a group. Let Zaxx € CG. Define the trace map tr: CG - C
such that tr(Zaxx) =a,, where a, is the coefficient of the identity element in G.

Note that the trace map is C-linear, since for any » a,x,» b xeCG and z,we C ,

tr(z) ax+w) bx)=tr((za, +wb,)x)=za +wh =z-tr(> ax)+w-tr(> b,x).

Slowly but surely we’re getting closer to our big result. We only need one more

definition and three more lemmas.

Definition 3.6. Let G be a group. Let ¢ =) a,xx and g => b x bein CG. Definea

Hermitian inner product on CG by
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(a,B)= ZX:aXBX .

The norm associated with this inner product is

y 12 12

2 — 2

=) <[ s, | [ 3af ] -

Lemma 3.5. The inner product defined above is, in fact, a Hermitian inner product.

Proof. Let G be agroup, and let D" a,x, > bx,and D c,x bein CG. Let zeC.

Note that

(Dax+>cx > bx)=(D(a+c,)x Y bx)
=2 (a,+c,)b,
=>ab+>ch
=(Zax Xbx)+(Xex Xbx),

and

(>ax Yy bx+> cx)=(>ax . (b +c,)x)
=>a,(b+c,)
=>a,(b +t)
=Y ab+>ac,
=(Dax Yy bx)+(Daxy cx).

Also,

(22 ax Y bx)=(> zax Y bx)
_Y b,
_iSa
=2(Ya,x Y bx),
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and

Additionally,

(> axz) bx)=(3 ax > )

(> ax > bx)=(>ax> bx)
_Yas
S
=(>.bx. > ax).

Finally, (Yax > ax)=Yaa =>|a| . Thus, (3 ax Y ax) is anonnegative real

number, and (> a,x,>"ax)=0 ifand only if a, =0 forevery xeG. B

The relationships among the * operator, the inner product, the norm, and the trace map

are explored in the following lemmas.

Lemma 3.6. Let G be a group. For all elements & € CG, (o, ) =tr(aa’).

Proof. Let o = Zaxx be an element of CG. Then o = Zéxx*1 , SO

tr(aa’)= tr((z a,x)(> axx’l)) .

But the trace map produces the coefficient of the group identity element. In the product,

we get the group identity element exactly when each x multiplies its inverse. So for each

x, since @, is the coefficient of x in " we get a,a, =|a,| attached to the group
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identity. Summing all of these gives us Z|ax|2 as the coefficient of the group identity of

the product ace” as a whole. Hence, tr(aa’)=>"[a|" =(a.cr). B
Lemma 3.7. Let G be a group. For all elements & € CG, |tra| <|e| and |tra|<|a].

Proof. Let o =) a,x be an element of CG. Then |tra| =|a,|. Also,

=SS )" < S |

x#1

But the square root function is an increasing function. So since [a,|” <|a,|" +>"|a,|", we

x#=1

have

1/2

12
rel == ) <[Jaf +fa | =lel
and

[tra|=la| <[+ [a]=|e|. B
x#1

Finally, we can put all of these definitions and lemmas together in order to help prove

that complex group rings have Jacobson radical 0.

Theorem 3.8. For all groups G, J(CG)=0.

Proof: Let G be a group. Fix « € J(CG). By Lemma 3.2, 1-za is invertible for every

zeC.

Define h:C—CG by h(z)=(1-za) ", and define f:C—C by f(z)=tr(h(z)).
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Note that elements of h((C) commute: Let y,we C. Then

(1-ya)(1-wa)=1-wa — ya —(ywaa)
=1-yo —wa —(Wyao)
=(1-wa)(1-ya),

and so

So for z,z, € C, we have

h(z)-h(z)

(1-za) " -(1-z,2)"
= [(1-20)~(1-22) |(1-2) " (1-2,2)
(2-2)ah(2)h(z,).

So h(z,)=h(z)—-(z-2z,)ah(z)h(z,), and by Lemma 3.3 we have

Ih(z)] <[n(2)] +]z =2 [|ech (2| () -
Thus,

‘h(zo)‘[1—|z—zo|‘ah(z)u < ‘h(z)‘

Forafixed z, if z, isclose to z, then |z—zo| is small. So we can make z, sufficiently

close to z, so that 0<|z—z||eh(z)|<0.5. Then 0.5<1-|z—z)||ah(z)|, s0
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‘h(zo)‘(o.s)s‘h(zo)‘[l—|z—zo|‘ah(z)us‘h(z)‘.
That is, h(z,) is bounded in a neighborhood of z.

Next, we show that f is an entire function. Recall from Complex Analysis that a
function f is entire if it is analytic at every point of the complex plane; a function f is
analytic at a point z if its derivative f'(z) exists at every point in some neighborhood of

z. We have

h(z)-h(z,)=(z-2,)ah(z)h(z,)=(z-2,)ah(z)[ h(z)-(z-2,)ah(z)h(z,)],
and thus
PR on(2)[h(2)-(2-2)on(2)h(z)]
=ah(z)’ -(z-2,)(ah(z)) h(z,).

2

Recall that the trace map is C -linear, so

F(2)-1(z) :tr[h(z)_h(z")j:tr(ah(z)z)—(Z—Zo)tr((ah(z))z n(z))

-1, -1,

Since |tr(3)|<|/| forall BeCG and |h(z,)| is bounded near z,

IimMﬂr(ah(z)z).

2y>2 -1,

So f isan entire function with f'(z)= tr(ah(z)z).
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We now need to find the Taylor series for f about the origin. Recall that for any function

k that is analytic at all points within a circle C centered at w,, its Taylor series centered at

w, converges to k at each point w in C. That is,

where k™ denotes the ' derivative of k, with the 0™ derivative denoting the function k

itself. We will apply a Complex Analysis result that says that if a series of the form

> a, (w-w,) " converges to k(w) in some circle centered at w, , then the series is the
n=0

Taylor series of the function k [1, p.130].

For neNuU{0}, set s, ( Zztr( ).Then

=tr h(z){l—Zz‘a‘ + Zazn:z‘a‘D

B A
~te(h(z)2"%a™)
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So by Lemmas 3.7 and 3.3,

< |h(z)||z|n+1 |a|n+l.

1(2)=5(2)=|r(n(z) ")

Earlier we saw that h(z,) is bounded in a neighborhood of z . Specifically, |h(z0 )| is

bounded in a neighborhood of 0. So for z, sufficiently close to 0, say |zo| < 1 , then

2|l

n+1 n+1

lim| f (z,)-s, (2,)| < lim|h(z, )||z,]

n—oo n—o

< Iim‘h(zo)‘(zijnﬂm

o

nN—oo

Thus, f(z,)=lims,(z,)= i z,tr ('), where i z,tr(a') is the Taylor series expansion
i=0

n—o0 i—0
for f(z,) inaneighborhood around the origin. Since f is an entire function, the Taylor
series converges for all z. This shows that for all o € J(CG),

lim tr(a”)zo.

n—o0

But suppose that /3 is a nonzero element of J(CG), and let « :,B,B*/ A" - We will

show that tr(azm)zl for all m>0, contradicting that lim tr(a")=0. This will show

n—oo

that there can be no nonzero elements of J(CG).
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Since J(CG) isan ideal of CG and B J(CG), then a € J(CG). Also, @ =« since

p _(ﬁﬁ* ] () _(B) 5 g
18 18 (7 1

*

So by Proposition 3.4, (") = (a*)n —a" forall neN.

Then by Lemma 3.6,

o) _(8.8)_lAT
(727 I 71 Vi

Suppose that for some k>0, tr(oc2k ) >1. Then

2

|12 2K 2
o Z‘tr(a | =2 =1,

tr(052k+1 ) = tr(ofkoz2k ) =tr (azk (azk ) j = (azk a® ) =

So by induction, tr(azm)zl for all m>0, which contradicts that lim tr(a")=0. Hence,

n—oo

there are no nonzero elements of J ((CG) ,and thus J (<CG) =0.1

Passman shows that when F is a field, the group ring FG is artinian if and only if G is
finite [3, p. 7]. This, together with Theorem 3.9, allows us to conclude that CG is

semisimple if and only if G is finite.
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Conclusion

There are many further avenues to explore when it comes to group rings. As we
mentioned earlier, one could investigate the zero divisor problem as it applies to free
groups and supersolvable groups, as well as searching for an resolution to the general
conjecture. We barely scratched the surface in this paper when it comes to
semisimplicity. General conditions under which a group ring is semisimple (or even
Jacobson semisimple) are highly sought after. The interested reader can investigate the
final chapter of [3] for a more detailed list of open problems. Although [3] was first

published in (1971), many of these questions appear to still be unresolved.
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